S66T ISNINY ‘YsoIuOIN “A\ 11098 @)

‘DOS g1 ‘mossern)

‘mo3se[r) Jo A)IsIoAt)
‘Surppme AP

‘furouo1)sy 2y sO1sATJ Jo juourjredo

8661 1Sndny ur
‘A" Jo 90130p Ay 10§
MOJSRIEY) JO A)ISIOATU() 1)

0} pojjrmIqns sI1s97 T,

YSOJUTOINL TIBI[[IAA 37098

sewise[J Ie[oS§ 10 Jo sisouSel(] [elroadg rewnpdQ

MODSYVTO
Jo
ALISHAAINDN




Abstract

To obtain meaningful diagnostic measurements of hot solar plasmas requires that we must
extract the greatest amount of physical information from remotely sensed data whilst dif-
ferentiating between its information and noise content. The inference of ‘reliable’ plasma
structure models from the data relies heavily upon the inferential ‘inversion’ method used.
Such inversion methods allows us to infer the likely form of the underlying physical source
model from the data and theoretical estimates of the emission processes taking place. It is
widely known that such ‘inverse problems’ can give rise to highly ambiguous (non-unique)
solutions when errors are present in the observed data. Clearly, an understanding of such
inverse approaches and the propagation of errors in data, and in the emission rates involved,
through to the final solution is paramount in obtaining useful diagnostic measurements. The
work presented here addresses inversion formalisms and their application in the face of typical
data and emission model uncertainties.

This thesis presents results in a field of study where the uncertainties associated with
remote sensing and inverse methodology can run amok if not carefully treated: the inference
of the electron density and temperature distribution of the highly inhomogeneous plasmas of
the upper solar atmosphere.

In Chapter 1 a brief description is given of the solar atmosphere and why it is best to
observe its hotter regions from space. We continue, in Chapter 2, by presenting the necessary
theoretical and numerical tools required to understand inverse problems and to make reliable
estimates of the underlying plasma structure using such inverse techniques.

Chapter 3 digresses from the main theme to introduce an important data analysis tool
which is used extensively in the later chapters of this thesis; the Genetic Algorithm (GA). The
flexibility of the GA method is clearly demonstrated therein. As an example we discuss the
Gaussian fitting GA (Ga-GA) and its application to the decomposition of real and synthetic

emission line spectra.
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B.2.

THE SELECTOR CODE

real a,b,pythag
real absa,absb
absa=abs(a)
absb=abs (b)
if (absa.gt.absb)then
pythag=absaxsqrt(1.+(absb/absa)**2)
else
if(absa.eq.0)then
pythag=0.
else
pythag=absbxsqrt (1.+(absa/absb)x*2)
endif
endif
return
end

(c) copr. 1986-92 numerical recipes software

function urand()

c return the next pseudo-random deviate from a sequence which is
c uniformly distributed in the interval [0,1]
c
c uses the function ranO, the "minimal standard" random number
c generator of park and miller (comm. acm 31, 1192-1201, oct 1988;
c comm. acm 36 mo. 7, 105-110, july 1993).

implicit none

real urand, ran0

integer iseed

external ranQ

common /rnseed/ iseed
c

urand = ran0( iseed )

return

end

subroutine rninit( seed )
c initialize random number generator urand with given seed

implicit none

integer seed, iseed
c common block to communicate with urand

common /rnseed/ iseed
c
c set the seed value

iseed = seed

if(iseed.le.0) iseed=123456

return

end

function ran0( seed )
c "minimal standard" pseudo-random number generator of park and
c miller. returns a uniform random deviate r s.t. 0 < r < 1.0.
c set seed to any non-zero integer value to initialize a sequence,
c then do not change seed between calls for successive deviates
c in the sequence.
c
c references:
c park, s. and miller, k., "random number generators: good ones
c are hard to find", comm. acm 31, 1192-1201 (oct. 1988)
c park, s. and miller, k., in "remarks on choosing and imple-
c menting random number generators", comm. acm 36 no. 7,
c 105-110 (july 1993)

implicit none
integer seed, a, m, q, r, j
real ran0, scale, eps, rmm
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B.2. THE SELECTOR CODE

do 70 i=1,ns,incx
sy(i) = sa*sx(i) + sy(i)
70 continue
return
end

subroutine sscal(n,sa,sx,incx)

Chapter 1 :

c n number of elements in input vector(s)
c sa single precision scale factor
c sx single precision vector with n elements
c incx storage spacing between elements of sx
.
HH.—..H H-OQ..—H.G& HOB c sx single precision result (unchanged if n .le. 0)
c
c replace single precision sx by single precision saxsx.
c for i = 0 to n-1, replace sx(i+ixincx) with sa * sx(l+ixincx)
¢ references lawson c.l., hanson r.j., kincaid d.r., krogh f.t.,
c xbasic linear algebra subprograms for fortran usagex,
A c algorithm no. 539, transactions on mathematical
This Chapter c software, volume 5, number 3, september 1979, 308-323
real sa,sx(1)
This chapter concentrates on the foundations and development of solar UV/EUV emission cx*first executable statement sscal
if(n.le.0)return
line spectroscopy. Indeed, through basic models of the solar atmosphere and discussion of the if (incx.eq.1)goto 20
c
properties of the Earth’s atmosphere we discuss the need for remote sensing the hot solar and ¢ code for increments mot equal to 1.
c
astrophysical plasmas from space. Some of the first pieces of work detailing the remote sensing ns = n¥incx
do 10 i = 1,ns,incx
of such astrophysical plasmas, derivation of the electron density of planetary nebulae by Menzel sx(i) = sa*sx(i)
10 continue
et al. (1941) and the ‘detection’ of the seemingly erroneous temperature of the solar corona by return
c
Edlén (1943), show that the basic spectroscopic techniques employed today have remained rela- c code for increments equal to 1.
c clean-up loop so remaining vector length is a multiple of 5.
tively unchanged. However, the great fluz of data from the ESA/NASA Solar and Heliospheric c
20 m = mod(n,5)
Observatory (SOHO) mission, now entering its third year of operation, a thorough quantita- if( m .eq. 0 ) go to 40
do 30 i = 1,m
tive study of the reliable inference of plasma characteristics and of related theoretical plasma sx(i) = sa*sx(i)
30 continue
modelling is timely. if( n .1t. 5 ) return
40 mpl =m + 1
do 50 i = mp1,n,5
sx(i) = saxsx(i)
sx(i + 1) = saxsx(i + 1)
sx(i + 2) = saxsx(i + 2)
In this chapter we introduce some of the particulars of the solar atmosphere and express sx(i + 3) = saxsx(i + 3)
sx(i + 4) = sa*sx(i + 4)
. . B . . . 50 continue
our motivation for spending vast amounts of time, money and effort in attempting to un- revurn
end

derstand the mysteries it presents us with. The atoms and ions that constitute the Sun’s

atmosphere emit (and absorb) electromagnetic (e-m) radiation; it is our understanding the
subroutine svdcmp(a,m,n,mp,np,u,v)

basic physical mechanisms that generate this radiation that provide us with clues to under- ) T
¢ Performs Singular Value Decomposition (see Press et al. 1992)

standing of the underlying processes we observe. There is a problem here though, the Earth’s integer m,mp,n,np,nmax

real a(mp,np),v(np,np),w(np)

atmosphere doesn’t make this ‘remote sensing’ easy. The wavelengths of radiation from hot- parameter (nmax=500)

cu  uses pythag
ter regions of the solar atmosphere that are particularly important to understand are almost integer i,its,j,jj,k,1,nm
real anorm,c,f,g,h,s,scale,x,y,z,rvi(nmax),pythag
§=0.0
scale=0.0
anorm=0.0
'In brief, remote sensing is the indirect measurement of the properties of distant and awkward objects. do 25 i=1,n

completely absorbed before reaching ground-based observing sites. This means that we must




* PUOTOD-T,,
9T} Se UMOUY ST SOUI] UAAIS pue pal a1y 0y pajnqryye uolrod a1y seatoam (3YSI[ duaydsojoyd jo Surragyess

T01329[0 WOT} SUISHIR) LUOI0D-], PO[[I-0S A7} TIOI} SHTOD UOISSTIID [RUOIO JO [N( DY) JRT[) MOWY MOT O\
“TIOTJRATISO 04D POYRT JO 9SS O UL - D[(ISIA |

-0 seoraym juosaid sarnjoni)s orjpudeur xopduiod ou 10 moj LA aq o) sieodde o1d1) ey
10%] o) Aq poyrjuopt A(durs oxe suordar ung jomng) ‘ung 0A)oR, pue  jomb, o) usemidq
QOUDIOPIP o1} ST 049 Aq dyRU 0} UOIRUIULIO}OP SNOTACO jsouwr oY) A[qISsO  SPoadl(,, )jsomodu
a1y Jo yoer) doasy 0y parmbar st (L[pyeryd 10) £30[00Z IROS UI 9SINOD © JRI[) TWEOUT TOTIIA
-uod orureudp oueydsojoyd-qns £q pojerousd sppay orjpudew [eordojodo) pue esrdojoydiour
arqissod jo xoquinu jsea oty [, "oroydsourye xefos o) Surpearod saInjon)s drpouem jo douony
-UT pue 90uasoId oT) 9ATISqO A[IRO[D Ued oM '] oINGY Ul UWMOYS 9SO} oyI[ saanjord mwol]
*£yOTPIP ST} du00I0A0 0} sdogs Tetoads oxe) 01 parmbol
ore om pue A[Iipedr ([' 9[qRL 995 ‘SARY-X Pu®R AN-OUWDIXd ) ‘ANH 10 ‘AN ‘ID[OIARIIN
a1} UI A])S0U) RUOIOD pUR WOIFDI UOTYISURI) O} Ul POULIO] SOUI] UOISSTUID jsout 0} SwrSuoraq
ST[)3US[aARM JO UOTIRIPRI JIUISTURI) J, USOOP SIASOUIIR INO 9SNRIA( SUOTJRAIISAO TONS YR 0}
a[qrssodurt A[[eN)IIA ST )1 ‘SOLI0JRAIDSCO PISB( PUNOIT WIOIf ‘MO[aq 99S [[IM om sy *(oSuer yery
ut uoryerpel o1t dsojoryd osuLIUI o1} Aq padUONUI SUTq J0U JO JPOUIq [RUOTIIPPR oY) M)
wmnayoads Teorydo o) Jo pud J9[0IA A} PUOLD( SUOIIRAIOSO 2IMbol p[nom suordal 103j01 Aq
poonpoad wmagoads Tejos o1y Jo syred oy A[nJ Apnjs 0} pue syjSus[osem [ea1ydo 01 poIdLIIsal
9IoM SITPMYS 9SAT) ‘ToAdOMOJ ‘owr) oY) Jo sewse[d AI0jeIOqR] oY) UI PaATasqo eIpeds orumoje
Temoryred o) Surduoroq 9so) YHIm soul] dGwads Jo UOTJeOYIJuapt o) POMO[[R JT dSTIRII( UOIJR
-IpeI W-0 PajjIue Jo wWnijoads Ie[os o1) Surpur)siopun o} onyd © papiaord yiom A[Ies siyJ,
oroydsojoryd o1} ueY) 109107 SOWIT) POIPUNTY SUO JNOR SeM BUOIOD YY) Jer[)
PareassI (€761 WIPH) F1om dn mo[[o] oT, *(X 8]) WOI[ POsTUOl SO} oUIt 0) Surduofoq se auly
.POI, 9} PaYTIULPT ‘(8g6T) URLIIOIN) £q Pajemysod 9INIONIIS OTUIOJR JO SPPOW MU dT[} FUIST
‘oym (IF6T) UYIPH Jo swojye postuor A3y jo eipoads o) wo YIom o) Y3noryy ‘Aqrenjuoy
*SOUI[ WOISSIUID 9801} ure[dxo 0} PeY 9s[o SUNJOWOS 08 ‘WNIUOIOD I0J JJo] odeds ou sem o107}
pue sjuouIdfd Jo arqe) orportod o) Jo uorjedurod Iedu sem AID[OPUSIA N ¢ MMIUOI0I, PI[[ed
JUIWIO[D MAU & A PauLIOj soInjeudis o1om A9} et} pajsoS3ns owir) o) e SIOYINE JuouTwy
(SOUI[ UOISSTWO BUOI)S 9SO} SUIIROID SBAM JRyM SSOSSE AT[euy 0) STeOA Aueur j0O) 1 pue soul|
(Y $2£9) (o1, pue (y €0€S) U098, [Bu0100 0y} JO oIoM (SYISUD[OARM O[(ISIA 10§) BUOIOD
oy} Jo suorjeA1dsqo asdipo yong -sesdipo xejos Jurmp Agoriq OqISIA (SuOTFRAIDSO 9dRdS JO

JUSAPR O]} [1un) A[UO SeM BUOI0D dY) NG S 2ym, [eorndo oy} jo Ymq ay) seonpoid

HYTHISOWLY UVIOS YHLNO HHL 'T'T

@NUTIU0D
((D)z)ysqe + s = s
(Cmastm + (Oz = ([)z
((F*)axugn+(f)z)sqe + ws = ws
gl 10 = [ 09 op
1 - % =gl (emo1) 3T
u =gl
T = 10 (zemoT) JT
T+ =1l
06 03 03 (u 'ba- ) FT
oNUTIU0D
020°T = wyn
090°7 = 3
snutjuos
0g o3 o8
(') 3/win = wis
(A:M)a/An = sn
0y 03 08 (02070 "be- (A*M3) FT
(win)sqe = ws
(n)sqe = s
(Nz - yo- = wya
(DZ - 3o = A
snutjuos
¥oxS = Yo
(1°z‘s‘u)Teoss TTe)
((D)z-%0)sqR/((ANI)Sq® = S
0g 03 08 (((A*M)3)sqe "oT* ((:)z-¥e)sqe) JFT
(GDz-“32)udts = ¥9 (09070 "°u’ (N)Z) IT
W - T+ W= (T9MOT) IT
W= X
T ‘T = ¥ 00T OP
snutjuos
020°0 = (P)z
u‘t = [ oz op
0°0°T = ¥°

oNUTIU0D
((1*(C*TT)3°T)unses wious) JXewe = wIouz
(= 11 (Femor) 3T
M
[ -1+ u=T1 (zm07) JT
(=1
u ‘7 ={ 01 op
080°0 = wIoul

1 3o mrou-7 sandwo>

0 "ber qol = zemot

09

0S

ov

o€

0T

0011 JUEWE]R]S BTQRINDOXD ISITIkxxD

ToMoT TeoTS0T

T Al rle (7T ze80qut
umses ‘ws ‘s ‘mrouk ‘wrows Teax
o unm‘ya‘n TeaI

puos1 TesI

(F)Z*(F°3PT)3 TReI
qof‘u‘apy xe8e3ut

*6L6T ‘weTs ‘xeptn8 sresn yoedurTx

B}

“-m-8 aTemess ‘-q'o zeTow ‘x'[ younq ‘-[-[ eareSuop SOOUSISFOTx k%D

(Z)WIOUx (B)WIOUxPUODI = (ZxB)WIOU
qeY) 9SUSS Yl UT I0329A TTnu ojewrxoxdde we
ST z ueyy ‘xtxjew re[ndurs e 03 ®SOTD ST 1 JT
-queqzodwrun ATTensn sIe squUejUOD SSOYM I0300A HIOM B
(u)Teex z

*smoTzIepUn
syewrase syy 1o pe3os1ep ST A3rreTnBurs goEXe
JT oxez ST puodx ‘yerndotared ur ‘uotrstosad
Suryzom of rernSuts eq Kew 7 usyj ‘snzy ST

0'1 *ba' puosxz + o°71
uotssexdxe TeoTS0T oU3 3eys TTeWS OS ST PUOdT JT
puodz/uortsde 8ZTS JOo X UT suorjeqinired SAT3E[SI

0 OOVLUVUOVLLOLOLOLLVLUYUOLOLOL

HAOD JYOLD313S HHL

cd



1.2. REMOTE SENSING OF THE SUN (1945 — PRESENT)

tive regions are usually associated with the most well known of solar features, sunspots and
loop-like structures.

There are many other solar phenomena, both static and highly dynamic, associated with
the interaction between the plasma and the magnetic fields present. To give a complete list of
these, or at least those presently identified, would be inappropriate in this discussion but here
are some of the most commonly observed: flares, surges, jets, polar plumes, prominences and
coronal mass ejections (CMEs). Further discussion of these features is beyond the scope of this
thesis, the interested reader is directed to the excellent texts mentioned above. The majority
of the work we will present in due course will be most reliably applicable to steady quiet
regions although modifications can (in some cases) be made to incorporate the timescales

and dynamics of active regions.

1.2 Remote sensing of the Sun (1945 — Present)

We have mentioned above, in passing, that one of the major reasons why we have to place
observing instruments above the Earth’s atmosphere to study that of the Sun and of other
more distant objects. There are three principal reasons why we should want to observed the

Sun from space :

1. Eztending the range of wavelengths observable. The hotter regions of the solar atmosphere

emit in the far ultraviolet and X-ray spectral bands but our atmosphere is effectively

Table 1.1: The photon wavelength and energies of the electromagnetic spectrum.

Name Wavelength range (A A)  Energy range (E eV)
Radio >107 A E < 0.00124 eV
Infrared (IR) 106 > A > 7500 A 1.65 < E > 0.00124 eV
Visible 7500 > A > 3000 A 4.13 <E > 1.65 eV
Ultraviolet (UV) 3000 > A > 1500 A 824 <E>4.13 eV
Extreme-UV (EUV) 1500 > A > 100 A 124 <E > 824 eV
Soft X-Ray (SXR) 100>A>1A 124 < E> 0.124 keV
Hard X-Ray (HXR) 1>X1>0.025 A 500 < E > 124 keV
Gamma Ray 0.025 >\ A E > 500 keV

B.2. THE SELECTOR CODE

13

14

15

16

17

18

19

sum=sum-a (i, k)*a(k,j)
continue
a(i,j)=sum
continue
aamax=0.
do 16 i=j,n
sum=a(i,j)
do 15 k=1,j-1
sum=sum-a (i, k)*a(k,j)
continue
a(i,j)=sum
dum=vv (i)*abs (sum)
if (dum.ge.aamax) then
imax=i
aamax=dum
endif
continue
if (j.ne.imax)then
do 17 k=1,n
dum=a (imax,k)
a(imax,k)=a(j,k)
a(j,k)=dum
continue
d=-d
vv(imax)=vv(j)
endif
indx(j)=imax
if(a(j,j).eq.0.)a(j,j)=tiny
if(j.ne.n)then
dum=1./a(j,j)
do 18 i=j+i,n
a(i,j)=a(i,j)*dum
continue
endif
continue
return
end
(c) copr. 1986-92 numerical recipes software

subroutine strco(t,ldt,n,rcond,z,job)

N 0000000000 O000DO0OO0O0OOG0GOGGOOGOO OGOON

keywords condition,factor,linear algebra,linpack,matrix,triangular
author moler, c. b., (u. of new mexico)
purpose estimates the condition of a real triangular matrix.

strco estimates the condition of a real triangular matrix.
on entry

t real(ldt,n)
t contains the triangular matrix. the zero
elements of the matrix are not referenced, and
the corresponding elements of the array can be
used to store other information.

ldt integer
1dt is the leading dimension of the array t.

n integer
n is the order of the system.

job integer
=0 t is lower triangular.
= nonzero t is upper triangular.

on return

rcond  real
an estimate of the reciprocal condition of t
for the system t*x = b , relative perturbations
in t and b of size epsilon may cause
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1.3. THE STRUCTURE OF THIS THESIS IN BRIEF

B.2. THE SELECTOR CODE

1.2.1 The Solar and Heliospheric Observatory (1995 — Present) ¢ INPUT:
c n: scalar integer, size of line sample
A ) ) . c n: scalar integer, size of line subset being evolved
The Solar and Heliospheric Observatory (SOHO) was launched into orbit from Cape Canaveral c s: integer, size n, ordinal vector defining selection
c
at 8:08 UT on December 2°! 1995, It was placed in a halo orbit around the L1 Earth-Sun c OUTPUT:
c Inlist: integer, size n, line selection
Lagrange point some 1.6 million kilometers from Earth and it took nearly four months to implicit none
) . . . integer NMAX,MMAX
get there. Figure 1.3 shows a schematic layout of the SOHO spacecraft which contains the parameter (NMAX=40,MMAX=133)
c Input
largest compliment of solar observation tools since Skylab was constructed some twenty years integer n,m
integer s(n)
. < Output
previously. integer Inlist(n)
¢ Local

SOHO's prime scientific goals are laid out in detail in Fleck et al. (1995) and these include

understanding :

c

* the structure, composition and dynamics in the solar interior (the region below 75000 = 1,

i.e. below the photosphere)

c

* the structure and dynamics of the chromosphere, transition region and corona

* the solar wind and its interaction with the Earth’s atmosphere

integer indx(NMAX),sample(MMAX)
external indexx
integer i,j,ii,jj

1. construct sample vector
do i=1,m

sample(i)=i

enddo

2. rank selection vector
Call indexx(nm,s,indx)

3. build line list
do i=1,n

ii=indx(n-i+1)

jj=s(ii)
if(jj.gt. (m-i+1)) jj=jj-(m-i+1)

The second of these objectives is our principal concern; diagnosis and interpretation of the

1nlist(i)=sample( jj )

do j=jj,m-1
. . s le(j)=sample(j+1
emission of the outer regions of the solar atmosphere. Images such as those in figure 1.4 mnnww._,m e(j)=sample(j+1)
enddo
show the different features visible in observations at different wavelengths that are taken
return
end

almost simultaneously. Table 1.2 gives some details of the instruments used for this study

and certain other attributes. From this set of telescopes and spectrometers we obtain plasma

diagnostics which provide us with temperature, density and velocity measurements of the e

SUBROUTINE indexx(n,arr,indx)

emitting material. In particular though, we discuss the theoretical development for data c

Ranks the n-element array (arr; See Press el al.1992)

acquired by the Coronal Diagnostic Spectrometer (CDS; Harrison et al. 1995) and the Solar

Ultraviolet Measurement of Emitted Radiation (SUMER; Wilhelm et al. 1995) instruments.

1.3 The structure of this thesis in brief 1

We have seen that probing the outer atmosphere of the Sun requires a great deal of planning 1

and accurate execution to place intricate pieces of unmanned machinery over a million kilo-

meters into space. Our discussion so far has raised one very important question, how do we

explain the heating of the chromosphere and corona in particular ? 19
We will not attempt to answer this question but we hope to achieve the next best thing 2

13
with this thesis. That is, we will endeavour to enhance the understanding, methodology

INTEGER n,indx(n),M,NSTACK
REAL arr(n)
PARAMETER (M=11,NSTACK=50)
INTEGER i,indxt,ir,itemp,j,jstack,k,1,istack(NSTACK)
REAL a
do 11 j=1,n
indx(j)=j
continue
jstack=0
1=1
ir=n
if (ir-1.1t.M)then
do 13 j=1+1,ir
indxt=indx(j)
a=arr(indxt)
do 12 i=j-1,1,-1
if (arr(indx(i)).le.a)goto 2
indx (i+1)=indx (i)
continue
i=1-1
indx (i+1)=indxt
continue
if (jstack.eq.0)return
ir=istack(jstack)
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1.3. THE STRUCTURE OF THIS THESIS IN BRIEF

show that these GA based decompositions are stable to data noise and to the effects inherent
to poorly sampled spectra, especially at the limits of instrumental resolution. The material
contained in Chapter 3 was published as McIntosh et al. (1998b).

Chapter 4 sees a return to the main theme of this thesis, the inference of reliable plasma
diagnostics from emission line spectra in the wavelength range of the SOHO CDS/SUMER
instruments. We, in Section 4.1, approach this from two different perspectives, the line
ratio and the DEM methods, however we show that both are mathematically equivalent
(Section 4.1 was published as McIntosh et al. 1998a). We will show that the line ratio
method is an adequate means of overcoming the theoretical uncertainties discussed in Judge
et al. (1997) and that formal inversion to obtain the aforementioned DEMs is the only way, in
the context of inverse methods (including those related methods using line ratios), to extract
useful information from emission line spectra (Craig & Brown 1976). To this end, we (in
Section 4.2) present a novel GA based approach, the Ratio Inversion Technique (RIT), to
‘couple’ the two methods mentioned above and obtain the most reliable possible DEMs in
the presence of these theoretical uncertainties. We show that the RIT exploits the systematic
nature of these uncertainties and obtains DEMs to a higher degree of uniqueness than a
standard DEM inversion in their presence. Section 4.4 sees the application of the RIT to
emission line spectra obtained by the Solar EUV Rocket Telescope and Spectrograph (SERTS-
-89; Thomas & Neupert 1994) to see the differences occurring between DEMs obtained by
RIT inversion and those published previously (Brickhouse et al. 1995; Landi & Landini 1997;
Lanzafame et al. 1998).

In Chapter 5 we employ another GA based method (SELECTOR) to overcome another
serious problem associated to the solution of any inverse problem, in this case we focus on the
univariate (T, and n.) DEM inverse problems. This discussion concerns the amplification of
errors in the observed emission line intensities to catastrophic errors in the recovered DEMs
through the linear dependence (amongst other things) of the inverse operator, or kernel,
which is then known as being poorly conditioned (see Craig & Brown 1986). The method we
present searches a list of 133 emission lines (again in the CDS/SUMER wavelength range) to
identify the subset of those lines that reduces the error amplification by obtaining the kernel
with the best possible conditioning.

Chapter 6 discusses the points raised and methods presented in the preceding chapters
as well suggesting possible applications, improvements and future extensions. In all we show

that careful consideration of the physical nature of the emission lines used as well as careful

B.2. THE SELECTOR CODE

a

Performs output on the end of each generation
c For use with Selector

Common block details for fitness evaluation
common/data/ kern(100,200)

o

real kern
c Variables

integer i,j,n,np,ndim,mg,kdim,ngen
¢ Arrays

integer pop(ndim,np) , ifit(np)

real £it(np),best(100,100)

open(4,file=’converge.log’)

Write best and median child to screen
Write best child to log (fitness + ids)
if (mod(ngen,10).eq.0) then
write(*,*) ngen,fit(ifit(np)),fit(ifit(np/2))
do 1 i=1,n
write(*,1003) pop(i,ifit(np)),pop(i,ifit(np/2))
1 continue
endif
write(4,*) fit(ifit(np))

aa

1001 format(/1x,i4,g9.7,5x,g9.7)
1002 format(g10.7)
1003 format(6x,i4,10x,i4)

c Write best Matrix to file on completion of mg generations
if (ngen.eq.mg) then
open(5,file='best.dat’)
open(6,file='sel_out.dat’)
rewind(5)
rewind(6)

do 5 i=1,n
write(6,*) pop(i,ifit(np))
do 6 j=1,kdim
best (i, j)=kern(pop(i,ifit(np)),j)
6 continue
5 continue
do 7 i=1,n
write(5,*) (best(i,j),j=1,kdim)
7 continue
close(5)
close(6)
end if

end

subroutine initpop(ndim,n,npar,pop,maxlines)

¢  Calculates initial population of integers
c For use with Selector

integer n,npar,maxlines,pop(ndim,npar)
integer ip,j,ndim,oldph(ndim,npar)
integer 1ip,j,ndim,temp(100),p_temp(100)
real urand

external urand

do 1 ip=1,npar
do 2 j=1,n
pop(j,ip) = int(maxlines*urand())+1
temp(j) = pop(j,ip)
2 continue
Call decoder(maxlines,n,temp,p_temp)
do 3 j=1,n
oldph(j,ip) = p_temp(j)
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2.1. INVERSE PROBLEMS

Such information allows us to “step back” from the observed photon spectrum to the inferred
electron spectrum. This a priori information provides a means of obtaining the most ‘reli-
able’ solution when the operators present are such as to make the inferred solution extremely
sensitive to errors in the observed quantities or are very nearly singular (i.e. a linear operator
S is singular precisely when it has no corresponding inverse operator S71).

This section provides the necessary mathematical framework needed to solve inverse prob-
lems numerically. There are many mathematical and numerical techniques to help obtain a
stable solution of inverse problems. We seek the ones which will help us to “make the most
of what we have got”, i.e. obtain as much information about the physical source from the
limited amount of available observed data. Section 2.1.1 details the two different classes of in-
tegral equations and how they can be cast as matrix equations whereas Section 2.1.2 describes
the effects of ill-posedness and poor conditioning of inverse problems mentioned earlier. Nu-
merical solution techniques are described in Section 2.1.3, particularly the methods known
as Singular Value Decomposition (SVD), Quadratic Regularisation (QR) and Maximum En-
tropy (ME). These algorithms and techniques take great advantage, as we shall see, of the
relationship between linear inverse problems and linear systems of equations (discussed at
greater length in Craig & Brown (1986) and references therein) thus making analysis relatively

straightforward for such a mathematical abstraction.

2.1.1 Mathematical definitions

In order to formulate a mathematical description of an inverse problem one must establish
a relationship between the observable quantities y of a particular problem, and the set of
non-observables, x. In general y and x are symbols that describe a number of pieces of

information. If we consider only the case where the number of observable quantities and

unknowns are finite, we can write y = {y;;4 = 1,...,n} and x = {255 = 1,...,m} for
some positive integers n and m. However, it is possible that the observables or the unknowns
(or both) are values of functions of a continuous (real) variable so that there is an infinite
number of pieces of information (conceptually, functions of a continuous variable may be
considered as ‘vectors’ in an infinite dimensional vector space). In practice, the observables
are the remotely sensed data of the problem. For example, the emission line intensities
in the Differential Emission Measure problem of later chapters, or the measured frequency

splittings in Helioseismology differential rotation inverse problems (see, e.g., Hansen 1994)

and the unknowns are the potentially continuous “source” functions.

B.1. CONDITION NUMBER ESTIMATION

experience error amplification of the order, when matrix K is poorly conditioned

_ 4,
< 1K 1), 198l (B.1)
el

where |

- |lp is a norm (with p = 1,2, 00; see Section 2.1.2). We also note that the condition

number C of the system is defined as (cf. equation (2.19))

_ o
O = IKp 1K Hlp = (B.2)

Omin

with the second equality holding when p = 2 for 0,4, and o, the maximum and minimum
singular values of K respectively. However, the numerically fast estimation of Cx without
SVD is not straightforward and hinges upon the calculation of |K !|| without computing
the inverse matrix K ~'.

So, following the discussion of Cline et al. (1979) we consider the LU decompositon (see,

e.g., Press et al. 1992) of a matrix A
PAQ=LU (B.3)

where L, U, P and Q are unit lower-triangular, upper-triangular and pivoting (from Gaus-
sian Elimination with Q normally equal to the identity matrix, see Sneddon 1972) matrices

respectively and we must estimate ||A~!|| by solving the hypothetical linear system Ax = b

where we have complete freedom to choose the right-hand side b subject to x being “big
enough” that

(B.4)

holds.
For simplicity, in the code, we write PAQ = A and we seek the ratio ||y]|oo/||X/|cc Where
the vector y is defined by :
LUy =x, (LU)Tx=b. (B.5)

The first step is to find the solution of (LU)Tx = b which is performed in two stages by
finding the solution to

U'z2=bandLTx =2 (B.6)

for which we wish to maximise the solution to U”z = b subject to the constraint that z is
“large” relative to b. This is done by choosing the k™ element of b to belong to the set
{—1,+1}. Algorithmically, for step k, we have (for any triangular matrix 7 - U’ in this

case) :
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2.1. INVERSE PROBLEMS

the singular values (o1,...,0,). In short, the singular vectors of K are the non-zero vectors

satisfying both

Kv; = o0;u;and (2.13)

K'u = o5v (2.14)

with K KT u; = Qw w and KT K v; = Qw v; also holding such that the vectors u; and v;

are the eigenvectors of symmetric matrices K K7 and KT K respectively with corresponding

eigenvalue o7. These left (u;) and right (v;) singular vectors form orthonormal bases for
K, i.e. the orthogonal matrices U and V in equation (2.12). This relationship allows us to

diagnose how poorly conditioned the inverse problem is, as discussed in the next section.

2.1.1.2 An example of a Fredholm equation : The Differential Emission Measure

problem

This thesis contains a detailed discussion of one particular inverse problem that takes the
form of a Fredholm equation of the first kind. The aim of this thesis is to ‘reliably’ infer the
solar plasma source distribution in terms of a Differential Emission Measure (DEM) function
from remotely sensed line intensities from Ultraviolet (UV) and extreme-Ultraviolet (EUV)
emission line spectra (see Section 2.2.1.1). From equation (2.73) we see that the integrated
line intensity of an emission line, with identifier 4, as a function of electron temperature (7%)

18

I;= Mﬁﬁmvmﬁﬂmv dle , Aw.Hmv
Te

where K;(T¢) is the emissivity of the line and £(7,) is the temperature DEM function.

To perform the inversion, and infer £(T,), we have to observe a set of n (n > 1) emission
lines so that equation (2.15) takes on the matrix form of equation (2.10) by using each I; and
K;(T.) as the i" element of g and row of K respectively. The resulting kernel matrices are
highly singular but we leave discussion of their singularity to Chapter 5. The DEM inverse
problem is a very real case of an ill-posed inverse problem; it is common to see different authors
using the same data, but producing very different inferred emitting plasma structures, see,

e.g., Section 4.4 and Kashyap & Drake (1998).

2.1.1.3 Volterra integral equations

The class of integral equations known as Volterra equations may be regarded as a special

case, or sub-class, of Fredholm equations when the kernels exhibit a “cut-off” or when the

A.2. THE RATIO INVERSION TECHNIQUE (RIT) CODE

40

w

S

~

real x(n)

common/data/ r,k,rl,sigth,sigd
common/misc/ lam,scale,ndata,smooth,nrat

do 40 i=1,ndata
write(iopheno,*) (x(i)*scale)
continue

do 3 i=1,ndata
y(i)=x(i)*scale
continue

do i=1,nrat
top(i)=0.d0
bot (i)=0.d0
enddo

do 4 i=1,nrat
tid=rl((2*i)-1)
bid=rl(2*i)
do 5 j=1,ndata
top(i)=top(i) + k(j,tid)*y(j)
bot(i)=bot(i) + k(j,bid)*y(j)
continue
re(i)=top(i)/bot (i)
continue

do 7 i=1,nrat
write(rcdata,*) rc(i)
continue

return
end

o060 o0a

These are added at the compilation stage

include "rat_chi.f" ! contains fitness function
include "pikaia.f" ! contains latest version of pikaia

real function rat_chi(n,x)

a0oo0o0a0ao0a

Use:

Fitness function for Ratio Inversion
Scott McIntosh (scott@astro.gla.ac.uk) 11/5/98

Computes \chi“{2} estimator for RIT

Input: n -- No. of parameters (discretisation points)

x -- genotype array of n elements

implicit none

integer n,i,j,ndata,tid,bid
integer ndata_max,nrat_max,d_max
parameter (ndata_max=100, nrat_max=100, d_max=50)
integer rl(nrat_max),smooth,nrat
real x(n),al,bl,a2,b2,rat_chi

double precision h,lam,totd,ytot,yav,sum,scale
double precision top(ndata_max),bot(ndata_max),sumn(ndata_max)
double precision deriv(ndata_max),y(ndata_max),sigd(nrat_max)

double precision k(d_max,nrat_max),r(nrat_max),sigth(nrat_max)

common/data/ r,k,rl,sigth,sigd
common/misc/ lam,scale,ndata,smooth,nrat
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2.1. INVERSE PROBLEMS

As a temporary digression and for future reference, it is useful here to define the general
properties of norms (or metrics) on vector spaces : A norm ||.||y on a vector space V is any

function f (f : V — R, the space of real numbers) that satisfies the following three properties
1. [[x]| > 0, and ||x|| = 0 if and only if x =0

2. ||lax]| = |a| ||x|| for any real number «

3. x4yl < =l + Iyl

for any vectors x and y in the space V. Consider also the norm of a matrix My, in the
space M of real m x n matrices given by || M]|; where ¢ is the order of the norm. The most

commonly used norms are the Euclidean distance or 2-norm
:E:m = Omaz » Am.wwv

where 0,4, is the maximum singular value of K defined previously (see also Section 2.1.3.2).

Similarly, the co-norm or the ‘Infinity’ metric as it is also known, is given by
n
1Mo = {max 3 |Mi;[} (2.20)
j=1

and is the sum of the elements in the maximum row of M.
As stated above, the essence of an ill-posed problem is the instability introduced in the

recovered solution; consider the Fredholm integral equation of the first kind given by

\08 k(z,y) f(z) dz = g(y) , (2.21)

which has the regularised (see Section 2.1.3.1) solution vector, m.a discretised over a fixed mesh.
Naively, the problem appears to be completely solved, but seldom is this the case. The cause
of the non-uniqueness in the solution is that functions in the operator null-space are being
linearly superimposed onto the actual solution. In the notation of the previous section we
have the situation that, for any non-zero vector x in S there exist, in the data space D,
vectors g(y) = K (x) that satisfy ||g(y)||p = 0. In terms of equation (2.21) we have functions

fo(z) that satisfy
\08 k(z,y) fo(z) dz=0. (222)

These null-space functions (fo(z)) can take any physical form that satisfies equation (2.22)

and can be added arbitrarily to f without affecting the data. Generally however they con-

tribute a degree of ambiguity over the exact physical nature of the solution. So we have, from

A.2. THE RATIO INVERSION TECHNIQUE (RIT) CODE

comp(i,1) = 1.0 + x((ap*i)-(np-2))*(float(nd-1))
comp(i,2) = x((npxi)-(np-1))*(data_max*2.)
comp(i,3) = (1.0/(x(np*i)*nd))**2

end do

return
end

A.2 The Ratio Inversion Technique (RIT) code

program RIT

cooo0oonoonooo0aoo

Driver for Ratio Inversion Technique with a Genetic Algorithm
Scott W McIntosh (V1.04 6 Jun 1998; scottQastro.gla.ac.u
Usage : RIT <data> <seed> <ngen> <parameters>

data line ratios

seed random number generator seed

ngen number of generations
parameters  number of discretisation points

900

implicit none
integer*4  par_max,rcdata,ldata,kdata,rdata
integer*4  iodata,iopheno

parameter (par_max=50,rcdata=7,ldata=9)
parameter (iodata=2,iopheno=23,kdata=3,rdata=5)
integer n, iseed, status, ngen, npar

real ctrl(12), x(par_max), f, rat_chi
character data_file*80,instring*80

external rat_chi
common /control/ ctrl
Read inputs

call getarg(l,instring)
write(data_file,900) instring

call getarg(2,instring)
read(instring,*) iseed

call getarg(3,instring)
read(instring,*) ngen

call getarg(4,instring)
read(instring,*) n

format (a80)

write(x,*) ’
write(*,*) ' Input data file : ’, data_file(1:30)
write(*,*) ’ Iseed 17, iseed

write(*,*) ’ Generations
write(*,%) ’ Parameters

First, initialize the random-number generator
call start(npar)
call rninit(iseed)

I/0 files and units
call init_files(iodata,iopheno,kdata,rdata,rcdata,ldata,data_file)
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2.1. INVERSE PROBLEMS A.l. THE GAUSSIAN FITTING GENETIC ALGORITHM (GA-GA) CODE

number of high frequency solutions known to originate from small data perturbations without implicit  nome
integer*4 mc,i

reducing the ‘freedom’ of the solution too much. This is a direct consequence of the Riemann- nwnw.__MSH :._nummvv
Tealx ctrl(mc

Lebesgue lemma - see, e.g., Sneddon (1972)

common /control/ ctrl

b
\ k(z,y) a AQGASS Yy =0 asm — oo c Initialise to default values for security
a ’ sin(my) do i=1,mc
ctrl(i) = -1
which holds for any bounded square integrable ([ [ |k(z,y)|?dzdy < M) kernel. This shows end do
. B B B B c Number of individuals in a population
that any Fourier amplitude a,, present in f(y) is smoothed out by the action of the kernel, ctrl(1)50 | 100 default, 128 maximum
ie. a; may be smoothed out in the data, but its high frequency Fourier component is still < Number of generations
ctrl(2)=500 ! 500 default
present in the solution.
c Number of genes / significant digits in chromosomal encoding
As may be guessed from the previous paragraph much of the methodology for solving ctrl(3)=6 ! 32-bit
. . L . c Crossover probabilit
inverse problems revolves around ‘standard’ least-squares minimisation procedures, i.e. we nS‘ZSvu 0.85 v | must be less than one
seek to reconstruct the observables (g§) by ‘suggesting’ forms of the unknown (f) using as c Mutation mode
c 1 Uniform mutation, constant rate
much a priori information as possible about the solution. So the method of Lagrange gives < 2 Uniform mutation, variable rate based on fitness
c 3 Uniform mutation, variable rate based on distance
PR - s c 4 Uniform or creep mutation, constant rate
(minimising with respect to f) c 5  Uniform or creep mutation, variable rate based on fitmess
c 6  Uniform or creep mutation, variable rate based on distance
: 212 12
min ||g — Kf||” + A||®(f 2.29
in g~ KE + 22 @) (2:29) .
where the functional ®(f) depends on the features we wish f to exhibit a priori. Equa- < Initial mutation rate
ctr1(6)=0.005 ! 0.005 default
tion (2.29) introduces the constant A, the Lagrange multiplier or trade-off parameter, which < Minimum mutation rate
. . . o o ctrl(7)=0.0005 150 (0.0005 default)
adjudicates a delicate compromise between ‘good’ recovery and domination by a priori in-
c Maximum mutation rate
formation (e.g. see figure 2.3, Jin & Hou 1997 and others). The following subsections show ctrl(8)=0.25 ! <1 (0.25 default)
how the regularised inversion process is carried out, at least in principle’. N pmuwﬂwmmwuummm diferential : O/mone 1/maximum (default)

c Reproduction plan : Full replacement of the generation

1
2.1.3.1 Quadratic regularisation c 2 : Steady-state, replace random
3 : Steady-state, replace worst (default)

ctrl(10)=1.
In most cases of practical interest, the solution f = K~ g of equation (2.10) is numerically N
c Elitism flag 0/1 : off(default)/on [only for ctrl(10)=1 or 2
. Lo . s . tri(11)=1.
unstable if the solution is not regularised. In an attempt to justify this statement we must < o
. . . . . . c Qutput 0/1/2 : None(default)/Minimal/Verbose
construct a maximum likelihood, or least squares, solution of equation (2.10), i.e. we consider ctrl(12)=2.
solving return
2 end
M N
min 3 lgi — > Kij (2:30)
f =1 i=1
N subroutine write_comp_gen(igen,ni,x,io031)
where f is now our estimate of the actual solution, f. Differentiating this with respect to the c
c Use: Writes to the ‘running’ log
k' component, fj, we obtain c o
’ implicit  none
M N integer*4 nl,i,io31,igen,k,ncl,npl
. . N realxd x(n1)
M Kir |9 M Nm‘d\m 0 AM.wC include ’comp. inc’
i=1 j=1
npi = npeff

“Chapter 8 of Craig & Brown (1986) provides a useful recipe for how one should approach the inversion of nel = nceff

remotely sensed data.
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2.1. INVERSE PROBLEMS

of decomposition can always be performed irrespective of how singular the matrix is, and is
almost unique (Craig & Brown 1986). The SVD technique is used extensively, and has been
essentially been optimised in the field of Helioseismology (see, e.g., Christensen-Dalsgaard
et al. 1993, Schou et al. 1994, Hansen 1994 and Basu et al. 1997).

From Section 2.1.2, we have seen that any matrix, M, can be decomposed into a multi-
plication of two orthogonal matrices (U and V) and the diagonal matrix (X) which contains

the singular values of M. Again, the SVD of M is
M=UxvT, (2.42)

and that of M~ is given by

L ;P: uT (2.43)

M = vyt Ut = V [diag(—,--
o1 o

where we remember that U UT = V7 V = I and for a diagonal matrix the elements of its

inverse assume their reciprocal values.

As justification of the above statement on uniqueness consider the discretised inverse
problem of equation (2.10) which will possess a null-space (as described above). The non-
uniqueness of the solution will depend critically on the number of zero (or zero to within
numerical accuracy) singular values, with each one adding an extra dimension to the null-
space (i.e. each contributing another linearly independent vector f, satisfying K f, = 0), the
dimension of the null-space is termed the nullity® of K. Although this sounds complicated,
consider that the solution space has dimension N (the dimension of f) and the rank of K
(the dimension of the sub-space of g which is reached by the mapping of f by K) are simply
related by the rank and nullity theorem which states that “rank plus nullity equals N”.

It is simple to develop an expression for the solution of equation (2.10), f, in terms of the
singular values, o;, and singular functions u; , v; of the kernel matrix K from the relationships
above. In any SVD reconstruction we have to truncate the singular values at some minimum
‘cut-off’” value which roughly corresponds to the choice of A above. Typically this cut-off is
chosen to reduce the effect of small (numerically very small or just small with respect to the
noise level) or zero singular values. So we choose the cut-off for p where 0,41 is less than

the larger of the precision of the computer performing the calculation, or the data noise level

0g). We then obtain the expression for f,, given by
g D) 8

P .
£ =3 WW v (2.44)
j=1

“indeed, if K is non-singular, we can assume that since the nullity is zero our solution is unique

6.1. FUTURE WORK

Time [Seconds]

20 40 80 80 100 20 40 60 80 100
Position along slit [arcseconds]

Figure 6.1: SUMER time-series spectra for lines of C III (1175 A; upper plots) and O VI
(1037 A; lower plots) obtained on October 11" 1996. The intensity (left) and velocity (right)
as functions of position along the spectrometer slit and time. Because these lines are formed
at slightly different temperatures, 9 x 10! K and 4 x 10° K respectively, the different behaviour
in both spatial and temporal domains of the solar atmosphere is clear over the three thousand

seconds of observing time. This figure appears courtesy of Dr. V. Hansteen.
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2.1. INVERSE PROBLEMS

Actual Solution
+——+ 1% Order QR
66— 2" Order QR

Maximum Entropy

SVD Solution

2.0

x(s)

Figure 2.5: Results of the various inversion techniques (details in the figure legend) discussed
in this chapter operating on the analytical inverse problem presented in Rust & Burrus
(1972). Subtle differences are visible for each version of the solution and these difference are

characteristics of those particular routines.

6.1. FUTURE WORK

that all we can achieve with any degree of certainty is to put a vague boundary in the region
of the DEM solution spaces where we would expect possible DEM functions for various solar
regions (active and quiet) to lie.

Chapter 5 sees a slight change of tack. We investigated a question first posed in Craig &
Brown (1976)

“What makes particular UV emission lines better than others in terms of recovering

the plasma source function ?”

Again, we have used a GA based tool to investigate the factors controlling the numerical
stability of inverse problem solutions in the presence of data noise, i.e. limiting the effect of
poor conditioning. Essentially we have isolated subsets of emission lines that substantially
reduce the response of the integral inversion to considerable data noise. In Section 5.2,
for £(T%), we reduced the degree of poor conditioning by minimising the condition number
from 10 to ~ 10* by careful choice of the emission lines we use in the inversion process
itself. Likewise, in Section 5.3 we have isolated the corresponding set of emission lines for
the univariate ¢(n.) inverse problem which reduce the condition number from 107 to ~ 10°.
From these results we see that careful consideration of the lines analysed can yield much more
numerically stable solutions to a standard DEM inversion.

To summarise, we have clearly shown that the methods employed in this thesis establish a
greater degree of uniqueness and numerical stability in the inferred DEM functions which is a
positive contribution, particularly in terms of the further interpretation of solar spectroscopic
data in uncovering the true mechanism(s) responsible for regenerating and heating the upper

solar atmosphere.

6.1 Future Work

The importance in terms of atmosphere modelling make the discussion of this thesis very
timely. There are many avenues left to explore with the methods discussed within but
particular effort should be made to extend the SELECTOR and RIT methods to allow the
further study of p(ne,T.) which is the “holy grail” of UV inverse spectroscopy, though,
because of its physical abstraction, it is the principal subject of only four pieces of literature
to date, as far as the author is aware.

Extension of the work presented in Chapters 4 and 5 to study the bivariate DEM p(ne, T¢.)

will revolve around the re-indexing (transformation) performed in Judge et al. (1997) and
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2.2. ATOMIC PHYSICS

collision probability per second for the de-excitation (E; > E;) takes the form

Yi(Te),,~

1
Cii=#k T, 2 cm™3 57! (2.56)
9i

for T, in degrees Kelvin where r is a constant (x = 8.63 x 107¢ for electrons) and gj is

the statistical weight of level j. The quantity Y ;;(T¢) is known as the ‘Maxwellian averaged

collision strength’ and is usually a smooth but weak function of temperature (see, e.g., Gabriel

& Jordan 1971). The simple relationship between collisional excitation (Cj;) and de-excitation
*

(Cji) coefficients is then, using the principle of detailed balance (n}C;j = ;Cji where n* is

the LTE population), given by

..Hm‘u Im\sv \w\H M1
Cij ity m&EA W oBm A.od

where k is Boltzmann’s constant and Ej; is the energy difference between levels j and 4.
m,OHmmnmSnEm&:E?. ww HSm:mgsmsnm_oc:Ele: ﬁwm Huﬁroamgoccmzo:m

of equation (2.54) become
0= Mz\.ﬁi —n; Mﬁ&. (2.58)
J#i J#i
and on substituting for P;; and P;; as above we have
0= M n; A\»E. + zmQﬁ.v —n; M ﬁ;\»&. + BmQS.v . (2.59)
j#i J#
However, this system of homogeneous equations is not closed, i.e. we require an equation to
fix the set for n;. Typically this is done by considering the abundance of the atom (Ab) such

that

> nj=Ab-ng (2.60)
J

holds where ny is the number density of Hydrogen. So, equations (2.59) and (2.60) form
a closed linear system (e.g. Pn = b) which can be solved for the atomic level populations

n, given P, the matrix of transition probabilities, and b = (0, ..

., Ab-ny). Thus, we have
prescribed the current state of the atom for the assumptions made earlier.

Now, we concentrate on particular transitions within an atom and we begin with the
simplest case, a resonance line. A resonance line is one arising from allowed transitions from
levels collisionally excited from the ground state to the ground state. We can consider the
atom as a simple 3-level model (see figure 2.6). The solution of the statistical equilibrium

equations is, for a transition from level j to level i,

3«3;.04@. =mn; ﬁ\»i + :mQ?.v (2.61)

Chapter 6

Summary and future work

This Chapter

In this chapter we draw all our arguments and threads together to show that the recovery of the
solar physical structure from UV/EUV emission line spectra is no easy task and must be treated

with due care and attention.

The importance of obtaining good (useable) distributions for solar plasma diagnostic
quantities is paramount if we are to unlock the mysteries surrounding the coronal, chromo-
spheric and flare heating problems (reviewed recently; Zirker 1993). The ability to support
observationally certain mechanisms relative to others requires that we have, at least, an
unique model for the emitting plasma. In this thesis we have developed, using new and what
some may class as unconventional, methods with an open-minded perspective to do just that.
We have used an approach that determines the underlying plasma characteristics to a higher
degree of numerical stability and uniqueness than previously obtained. The argument of this

thesis from the outset can simply be expressed as (McIntosh 1998 - Oral Presentation)

“If we are to learn anything about the solar atmosphere from the SOHO and similar
missions we have to use data extraction methods which are most robust and accommo-
date all the errors likely to occur. Such methods will, in return, increase the reliability

and uniformity of results inferred using these methods.”

We have systematically introduced construction methods for inferring unique distributions
from observed UV/EUYV optically thin line emission spectra. In the main, particular emphasis

is placed on the wavelength range observable with the Coronal Diagnostic Spectrometer (CDS;
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2.2. ATOMIC PHYSICS 5.3. OPTIMISING THE ((Ng) INVERSE PROBLEM

Table 5.5: Details of the emission lines belonging to run 285, the set having the minimum
value of log;o Cj = 9.2116. Also given are the ions to which the line belongs, wavelengths A
(A),

Again, values nj of 8.8 or 11.2 indicate that maximum occurs between that value and the

dK(ne)

-t | (= |K']) and the value of n}, the value where the emissivity gradient is greatest.

dn T
e
.l»..-.ﬁ...t....n.v...:-!—.

appropriate limit of the density domain (8 < log;yn. < 12).

Ton A(A)  Count |K'| logon:| Ton A(A)  Count |K'| logyn®
CII  977.020 117 4.4 9.1 CII 117598 130  10.7 9.1
CII 117526 121 113 9.2 CTI 117636 133 141 92
CTI 117493 129 139 92 CIV 312420 138 4.0 8.8

Mg VII 431188 138 51 102 | MgIX 441.199 123 6.9 112

Mg IX  368.070 132 7.5 11.2 Ne VI  562.711 135 0.0

Ne VII  564.528 134 29 11.2 Ne VII  561.378 110 1.8 11.2
Ne VII  895.175 143 6.8 11.2 Ne VII  559.948 131 24 11.2
Ne VII  562.993 131 8.7 11.2 Ne VII  465.220 150 2.6 11.2
Ne VII  887.279 136 9.1 8.8 SiIll  1298.89 119 0.1 8.8
SiIll  1206.49 142 1.9 8.8 SiIll  1301.14 132 0.0

SiIll  1294.54 125 0.1 8.8 SiIll  1298.94 155 0.1 8.8

SiIV  1393.75 118 19.3 8.8 SiIX 344951 141 4.2 11.1
Si X 356.050 133 3.9 11.2 Si X 292.167 130 5.5 11.2
Si X 611.658 139 1.5 NIII  771.900 136 0.7 9.6
oV 762.004 115 1.3 11.2 ov 1218.34 136 3.0 10.3

Figure 2.7: Two surfaces of constant temperature Sz, and of constant density S, intersecting
on aline Ly, 1, . On, 1, istheangle between the vectors VT, and Vn. normal to the surfaces

S,

e

, Sp, respectively (taken from BDSA).
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2.2. ATOMIC PHYSICS

0.3T T ———— T T ———— T 7
r 0,<§M¥m\;mmo.ww7 b

0.2

0.1

Ratio of Emissivities

0.0L L

Figure 2.9: Plot of the temperature sensitive ratio of two resonance lines A%u of CIV.

A value of 0.15 for the line intensity ratio will yield a mean spectroscopic temperature (T)

of approximately 6 x 10° K.

and on dividing throughout by §, we may express R;; in terms of the ‘mean’ spectroscopic

temperature, (1);;, for the particular line pair (4, 5), i.e.

Ki(T))
Rij = — 5 = Sii((Te)sj 2.76

1] MAV;GMVV ;A mv \v A v

where S;;(T.) = w«bxwﬂmw is a monotonic, bijective (invertible) function, that has a unique

inverse on the temperature domain considered when we restrict our study to resonance lines
only. Therefore, on inspection, the relation between (1¢);; and the observed line ratios R;;
is given by

(Te)ij = 555 (Rij) (2.77)

v

and can be represented pictorially in figure 2.9.

2.2.2.2 Electron density determination

The ratio of emission lines with different density dependence has been widely used as a

diagnostic of the electron density in the inhomogeneous solar atmosphere. However, 7?7 and,

5.3. OPTIMISING THE ((Ng) INVERSE PROBLEM

re-address the way in which SELECTOR calculates C. Apart from the condition number
estimate of Cline et al. (1979), there is another way to estimate C that will give consistent
results and we will use this estimate for these results. A clue is in figure 5.2. Observe that
the gradient of the singular value distributions for the “all-lines” ¢(n.) and &(T,) kernels are
different and that the gradient of the ((n,) case is significantly greater. Similarly, we see that
the condition number of the ((n,) “all-lines” kernel is very much higher than that of the £(T)
case (logy Cx = 17.04 as opposed to 11.55). It is trivial to obtain a algebraic expression for
this “relationship”. On fitting a straight line (with equation y = mz + ¢) through the logs of

the first @ singular values (i.e. the non-zero ones) we see that
he~ 107mQ (5.16)

with C%- = C exactly when @ = M (M is the number of singular values). On making this
simple addition to the code of SELECTOR and fixing Q = 25 we will again investigate the
results of 300, 5000 generation, runs to identify the set of emission lines that minimises the
condition number of the {(n.) inverse problem. Given that, on performing a SVD on the
((ne) “all-lines” kernel yields a value of log;y Cx = 17.05, the gradient method described
above gives log;, C = 16.02 (for Q = 25).

We are looking for a subset of these lines with considerably lower value of C';. Figure 5.10
shows the results of the ensemble of 300 runs of SELECTOR and identifies, in a more striking
way, a subset of lines selected more than the mean of 104.436 selection frequency. Similarly,
figure 5.11 shows the variation of the selection with each run color-coded to correspond to the
condition number estimate C'; defined by equation (5.16). It is clear that run 285, log;; C)x =
9.2116, when compared to that of the “all-lines”, contains a subset of the lines which has
a lower value of Cy. However, it is also clear from the mottled pattern of figure 5.11 the
difficulties of selecting such an optimal set when virtually all sets are very poorly conditioned.
This mottling may be an artifact of the estimate used to calculate Cj. Tables 5.4 and 5.5 show
the combination of the results presented in figures 5.10 and 5.11. Table 5.4 gives the details
of all the lines selected 25% greater than the mean selection frequency. The lines belonging

Ei and the n} (the electron density

to the subset of produced by run 285 (x), values of |“4;.
di (ne)
dn.

at which _ is greatest) to help obtain a physical description of why this particular

set of lines is chosen above the others. Similarly, Table 5.5 presents the details of only the
lines selected in run 285 and figure 5.12 shows the coverage of the selected line emissivities

(normalised), S5000(n¢). One feature very evident in this figure is the flatness of the summed
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2.2. ATOMIC PHYSICS

- Errors in electron-ion excitation cross-sections (0Y;) depend on the isoelectronic sequence
to which the ion belongs. They also depend critically on the type of transition (permit-
ted, forbidden, etc.), relativistic effects and the assumptions made when calculating the
collisional cross-sections (cf. the assumptions we made earlier). A recent laboratory study
of the resonance lines of C IV (see figure 2.8) measured cross-sections with an accuracy of

+7% (Savin et al. 1995).

- Errors in the ionisation balance (d4;) that depend, not only the cross-sections but the
structure of the emitting plasma (departures from equilibrium, ??, of equation (2.54))
itself. These errors, systematic in nature for a particular ion, are likely to be of the order

£20%. If non-equilibrium processes are present they can be much higher (?7?).

When considering transitions involving metastable levels calculation of the Einstein A-
-coefficients is important (cf. the statement after equation (2.80)) and from these arise an
additional source of error. So, given equation (2.79) we have, making simplifications similar

to those above

T (E) (%) (3 G () (
= + (=) 4 -
K; T, Xi Vi Ne, + Ne A;

where n,, is the aforementioned critical density; for n, < n,, this equation reduces to the

form of equation (2.84).

Given this information Judge et al. (1997) conclude that errors in the line emissivities
range upward from £30% and are systematic in nature. The systematic nature of errors we
will use to our advantage in the analysis of Chapter 4. However, from these statements it
might be reasonable to ask “ Why do we not simply set up a laboratory and measure the
cross-sections needed to solve equation (2.54) directly ?”. There are several reasons for this,

and they are :

1. The number of cross-sections required for reliable determination of the emission coefficients
scales as kn(n — 1) where k is a constant between one and two and n is the number of

bound levels in the model.

2. Each cross-section has to be determined at all energies with the velocity distribution func-

tion at an energy resolution sufficient to allow accurate calculation of the rate coefficient.

3. In the solar atmosphere the atomic collision cross-sections are needed in the limit k7, <

E; — E; and since the kinetic energy of the impacting particle is much less than the energy

5.3. OPTIMISING THE ((Ng) INVERSE PROBLEM

Table 5.3: Details of the optimal subset of emission lines only. These are the lines belonging
to run 106 that form a kernel matrix with log;y Cx = 4.2709. Given are the ions to which
the line belongs, wavelengths A (A), the number of times the particular line was selected and

the temperature at with the emissivity of the line peaks T:"** (K).

Ton A(A)  Count log,, T/"* (K) Ton A(A)  Count log,, T/"*(K)
C III 1175.59 44 4.8 C III 1176.36 62 4.8
Mg VII  431.188 48 5.7 Mg VIIT  763.184 50 5.8
Mg IX  439.176 38 5.9 Mg IX  445.980 45 5.9
Mg IX  706.060 46 5.9 Mg X  609.793 108 6.0
Ne VII  559.948 43 5.6 Ne VII  887.279 119 5.6
SiIlT  1298.94 48 4.7 Si IX 674.650 43 6.0
SiIX  344.951 74 6.0 Si X 287.092 117 6.0
Si X 356.050 70 6.0 Si X 624.729 66 6.0
Si XI  368.378 161 6.1 Si XTI 565.578 67 6.1
SiXI  582.886 195 6.1 Si XI 371.609 37 6.1
NIII  991.502 140 4.8 O1II 539.085 81 4.6
OIV  1397.23 100 5.1 o1V 1399.78 107 5.1
OV 1404.80 114 5.1 oV 760.227 54 5.3
ov 1213.80 102 5.3 O VI 150.089 133 5.4
Fe XV 171.839 34 6.2 Fe XV 303.048 44 6.2
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3.1. MOTIVATION AND METHOD

applying rigid @ priori constraints to the observed spectrum.

3.1 Motivation and method

Prior to the launch of SOHO, a study was undertaken Brynildsen (1994) to identify the ‘best’
profile fitting package for the CDS and SUMER instruments discussed previously. The study
compared various algorithms for fitting Gaussian profiles, or combinations thereof.

The common denominator linking all of the profile fitting algorithms studied by Brynild-
sen (CURVEFIT - from the Interactive Data Language (IDL) userlib, and AMOEBA - A
“downhill” SIMPLEX algorithm from Press et al. 1992, and others) is the need for user input
regarding starting points for each parameter in the search. This potential source of user
bias, and the reduced quality (in terms of fit to the data) of the parameterisation form the
principal motivation for this chapter, and indeed we show that they are not present using a
GA technique beyond the absolute minimum requirement of supplying a ‘line list’ of lines to
be identified.

Using a GA for this profile fitting problem can have many advantages not available to the
user of predictive line fitting algorithms. Considering one of the many advantages noted in
Charbonneau (1995), a GA is not de-stabilised by noise in the data; it will merely attempt
to achieve its goal, locating the ‘best’ profile. The GA will attain this goal, the introduction
of data noise will merely affect the convergence time of the algorithm.

We present a ‘simple’ GA, called Ga-GA, which we show to be stable against reasonable
noise levels and to have no source of possible user bias. The following sections discuss its

performance in detail.

3.1.1 Overview of a simple Genetic Algorithm

Genetic Algorithms are inspired by the mechanism of natural selection and basic genetic
operators, occuring naturally in biological systems, see Holland (1962). Consider a typical
numerical optimisation task, where a parametric model is to be fit to data in a manner
that maximises the closeness of fit, or fitness (as measured, for example, by a x? statistical
estimator). A genetic algorithm is an iterative scheme that operates on a population of trial

solutions to the problem in the following way :

1. Construct an initial population using random values for the model parameters, and eval-

uate their fitness.

5.3. OPTIMISING THE ((Ng) INVERSE PROBLEM

Table 5.2: Details of the emission lines selected most at the end of the 300 Monte Carlo 5000
generation runs of SELECTOR. The emission lines included here are those with selection
frequencies greater than the mean of 72.1805 counts. The lines indicated by an asterisk (x)
are those belonging to run 106, the set having the minimum value of log,, Cx = 4.2709. Also
given are the ions to which the line belongs, wavelengths A (A), the number of times the line

was selected and the temperature at with the emissivity of the line peaks T;"** (K).

Ton A(A)  Count logyo T/"** (K) Ton A(A)  Count logyo T (K)
CIr  977.020 7 4.8 CIII  1175.98 91 4.8
CIII 1175.26 118 4.8 Mg VII  1189.82 76 5.7
Mg VIII  352.460 111 5.8 Mg IX  443.403 136 5.9
Mg IX  368.070 77 5.9 Mg X  609.793 108 6.0 *
Ne VI 454.072 170 5.6 Ne VI 562.711 123 5.6
Ne VI~ 1010.60 89 5.5 Ne VI 1006.09 136 5.5
Ne VI 999.630 93 5.6 Ne VII  895.175 168 5.6
Ne VII  562.993 144 5.6 Ne VII  887.279 119 5.6 *
Si III 1206.49 154 4.7 SiIlI  1301.14 148 4.7
Si III 1296.72 75 4.7 SiIX  344.951 74 6.0 *
SiX 287.092 117 6.0 = | SiXI  368.378 161 6.1 *
SiXI  582.886 195 6.1 * | SiXIT  499.405 91 6.2
N III 771.544 140 4.9 N III 991.502 140 4.8 *
N III 771.900 74 4.9 NV 1238.82 122 5.1
011 539.085 81 4.6 * oI 540.012 142 4.6
O III 833.715 80 4.9 O III 1666.14 115 4.8
o1V 1397.23 100 5.1 * o1V 1401.15 108 5.1
OIV  1407.38 73 5.1 OIV  624.618 127 5.1
OIv 790112 131 5.1 OIV  1399.78 107 5.1 *
o1V 1404.80 114 5.1 * oV 761.128 128 5.3
ov 759.441 126 5.3 OV 121380 102 5.3 *
oV 121834 164 5.3 OVI 150.089 133 5.4 *
Fe XII  1349.36 98 6.0 Fe XIIT  1370.85 111 6.2
Fe XIV ~ 356.639 155 6.2 Fe XV 314.664 178 6.2
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3.2. RESULTS

algorithms mentioned earlier; CURVEFIT and AMOEBA, for data with a realistic noise level
and with a noisy background present (Sections 3.2.2 and 3.2.3 respectively). Section 3.2.3
will also show the ease with which additional spectral features may be incorporated into the

analysis.

3.2.1 Application to noiseless target spectra

We use Ga-GA to analyse three noiseless targets, i.e. we replace ogaq(z) by 1 in equa-
tion (3.3), each corresponding to a different Gaussian configuration. The three test tar-
gets are: 1) A single ‘wide’ Gaussian with the target genotype given by three parameters,
[XAW]=[5010020]. 2) Two ‘joined’ Gaussians corresponding to the six parameter geno-
type [4010020 809015], and 3) a more complex five Gaussian configuration with the fifteen
parameter target genotype given by [10305 22601 26403 43705 55605].

Each case was analysed ten times (to allow performance statistics to be compiled), each
run with a different initial population, for a fixed number of generations. It is also possible
to configure Ga-GA to run until it achieves a fixed E(z) although for certain types of analysis
this method is unfavourable (Charbonneau & Knapp 1996). The number of generations used
in each case is different however, and varies with the increase in complexity of the target
solution. Therefore target 3 typically requires a 1200 generation run, which is considerably
more than the 200 and 500 generation runs required for targets 1 and 2 respectively.

The returned parameterisation of each target is given in Table 3.1. The subscript T
quantities (e.g. X7) are the target parameters and the subscript G quantities (e.g. X¢) are
the corresponding mean values returned by Ga-GA after multiple fixed generation runs. It is
clear from the results presented in Table 3.1 that Ga-GA obtains a very good representation of
cach target (within the errors). The errors in the parameters are global error estimates and
are calculated in a Monte Carlo fashion, i.e. we perform multiple runs of Ga-GA each with a
different initial population, this is achieved by initializing the random number generator with
a different seed (Charbonneau & Knapp 1996). This Monte Carlo approach ‘forces’ Ga-GA
to search the parameter space from a different starting point each time. This will also allow
the calculation of ‘mean’ values for each of the parameters.

Figure 3.2 shows a plot of target 1 (solid line) and the profile derived from the ‘fittest’
genotype (A) after only 200 generations with the E(x) = 2.476 x 10~*. Similarly, figure 3.3
z) = 3.296 x 1073, for the double

shows the profile constructed from the fittest genotype, E(

Gaussian configuration of target 2. Figure 3.4 demonstrates Ga-GA’s handling of the more

5.2. OPTIMISING THE ¢(7%z) INVERSE PROBLEM

element KM% (T,), at generation j is given by
M
_ NMW K} (Te)
S(T)=-EL 5.12
) = Mo, @) (5:12)

versus generation number. M is the number of points over which the emissivities are discre-
tised (M = 30 in this case). For this sample run we see that the minimum (log;, Cx = 4.4972)
is very much smaller in comparison to the condition number (log;g Cx = 11.55) of the “all-
-lines” approach (see figure 5.2). The set of emission lines chosen at the end of this single
run of SELECTOR may not form the ‘optimal’ choice that minimises Ck, as we will see
below, but obtaining that set (in a evolutionary sense) displays certain characteristics men-
tioned above. For example, consider figure 5.4 where we have plotted Am‘\ﬁfﬁuv for generations
J = {1,500,1000, 1500,2000}. The upper portion of this figure exhibits a feature mentioned
above about the nature of the conceptually well conditioned kernel matrix, i.e. the superpo-
sition of the rows, taken in projection, should span the domain as uniformly as possible. By

comparing the upper and lower panels of figure 5.4 we can see how the percentage of coverage

(PCj) _

1) Sj (Te) dTe
T.

PCj="*—r—— (5.13)

varies with generation. The lower panel clearly shows that percentage of coverage is related
to the condition number: greater uniformity of kernel coverage gives lower values of Ck.

A true test of this GA method for a problem of this combinatorial scale is to adopt a
Monte Carlo approach®. This approach involves obtaining optimal sets of emission lines for
many runs, each run having a different randomly chosen starting population (see Chapter 3
for more details) which is then encoded using the ROR technique to ensure that all the lines
in the list are unique throughout the run.

Figure 5.5 shows that the Monte Carlo approach identifies lines that have particular
properties, reducing the condition number of the kernel, and are chosen significantly more
often than others. This figure, however, gives no clear indication that any of these lines occur
together in the sets chosen, or in separate subsets, to form a kernel of significantly lower
condition number. Identification of such a set is left to inspection of figure 5.6. Figure 5.6

shows the Monte Carlo runs vertically, each colour-coded® according with the value of C

8All Monte Carlo runs of SELECTOR were over 5000 generations to ensure that an optimal line set had

been acquired (2000 of which are required, on average, to get within a factor of 2 of the optimal Ck).
9Colour coded using an colour table to make identification easier; white indicating the lowest condition

number.
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3.2. RESULTS

Table 3.1: Results for cases 1), 2) and 3) described above. Subscript T quantities indicate
target parameters, and subscript G quantities are the mean after multiple evolutionary runs.
Similarly, the values of (E(z)) are the final mean values of E(z). The errors for each parameter

are calculated as the means of the ten run ensemble.

X7 Ar Wr Xo+0Xa Aq £0Aq W £ dWq

Case 1.  (E(z)) 5.226 x 1071 200 gens.
50.00 100.0 20.00 50.0004+0.000  100.002£0.003 20.002 =% 0.001

Case 2. (E(x)) 3.779 x 1073 500 gens.
40.00 100.0 20.00 40.002+0.002  100.00740.007 20.004 & 0.003
80.00 90.00 15.00 79.997+0.002 89.998 +0.003  14.999 & 0.002

Case 3. (E(z)) 7.623 x 1071 1200 gens.
10.00 30.00 5.000 9.998 +0.001 30.003 £ 0.019  4.997 + 0.004
22.00 60.00 1.000 21.997+0.001  59.66140.181  0.995 % 0.002
26.00 40.00 3.000 25.9834+0.007  39.867 4+ 0.068  3.002 % 0.006
43.00 70.00 3.000 43.000+0.000  69.95140.028  3.001 +0.001
55.00 60.00 5.000 54.999+£0.001  59.964 £ 0.014  5.003 £ 0.001

require a greater number generations in the run. As with any optimisation method the plots
show how the gradient of F(z) lessens with the increase in the number of parameters in the
genotype, the increase in the number of generations required for a GA to evolve an acceptable
solution increases with the dimension, D, of the search space; typically it does so in a manner
that is highly problem dependent, but often ends up as being a low (order unity) power of
N. So such convergence plots provide evidence to suggest that we have not yet evolved a
‘perfect’ match for the target. This may be estimated by looking at the gradient of the plot
at the end of its evolutionary run. The center and bottom plots in figure 3.5 show that the

evolutionary process may not be finished.

3.2.2 Application to a ‘noisy’ target spectrum

Reliable analysis of a ‘noisy’ target must be the benchmark for any spectral decomposition
technique. We therefore compare the performance of Ga-GA to that of the AMOEBA and
CURVEFIT algorithms in decomposing a ‘noisy’ five Gaussian target, again with Ga-GA

results the mean of ten runs. The target is generated by the same fifteen parameter genotype

5.2. OPTIMISING THE ¢(Tr) INVERSE PROBLEM

5. Check that the maximum number of generations has not been reached, then return to

step 2, else proceed.

6. Return the set of UV/EUV lines that minimises the condition number of the kernel matrix.

5.2 Optimising the {(7,) inverse problem

The interpretation of UV/EUV emission spectra from solar and astrophysical plasmas of-
ten hinges on the inference of the emission measure differential in T,, {(7,). Recalling the

discussion of Section 2.2.1.1 we can simply define

w
3
T, H\ — _dSy, , m.@
§r)= [ g ds (59)

where St, is a surface of constant T, within the emitting volume of plasma. The emis-
sion measure differential in temperature can be taken, literally, as the temperature gradient
weighted mean square electron density.

We see that for a homogeneous plasma, with n, = n, = 10° cm=3, the double integral of
equation (5.1) reduces to the single integral of equation (5.2) with s, = T, and K;(n,, T,) =
K|(T,) ie.

I = Mﬂ%ﬂwv mﬁ;mv&ﬂw . Am.wov
Te

The &(T¢) function is the solution of this Fredholm integral equation of the first kind. Numer-
ical errors in the emission line intensities (41;) of this inverse problem will, once discretised,
induce errors (6¢) in the solution ¢ of a magnitude given by equation (5.3).

The majority of publications containing derivation of &(7.) functions from observed
UV/EUV line intensities from the Sun or other stars adopt the “invert for all lines” or
“all-lines” approach (see, e.g., Kashyap & Drake 1998; Lanzafame et al. 1998). This method
involves the use every emission line observed to construct the kernel matrix (K) for the inverse
problem and hence perform the numerical inversion and obtain £(T,). The vast majority of
such publications completely neglect the effect of error propagation from data to solution
because of poor conditioning of the inverse problem kernel matrix. To counter the apparent
neglect of just how poorly conditioned this inverse problem is we will choose, using the GA
approach discussed above, an optimal subset of emission lines. The ultimate aim being that
this optimal set will have a significantly lower kernel condition number than that of the “all-

lines” approach. To this end we consider the selection of the 30 emission lines” (from the 133

"The number of lines used in the calculation is arbitrary, but taken to be 30 for this discussion.
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3.2. RESULTS

S Model Configuration—---—--- B
Ga-GA Model

i -5 CURVEFIT Model
L O.w:n__amﬁm Error: 5 % AMOEBA Mol
150 B‘ground Params:[ 30 0.5 0.002 ] L

- Parameters: [ 10 90 6 50 70 3 80 40 4 ] N

O+ X

Amplitude (A)

0 20 40 60 80
Channel Number (x)

Figure 3.7: Plot of the three Gaussian configuration [ 10 90 6 50 70 3 80 40 4 | and the
background parameters, a = 30.0,b = 0.5, and ¢ = 0.002 with a 5% random noise level. See

also Table 3.3.

standard phenotype calculation of equation (3.1), which then becomes:
N
P@)j=a+br+ca®+ ) Gi(z) (3.4)
i=1
where a, b, and ¢ are taken from the adapted genotype by adding [abc] to the Gaussian
description parameters. To generate the target the background parameters are assigned the
values a = 30.0,b = 0.5 and ¢ = 0.002.

A plot of the target solution (broken line) and the best phenotype () is shown in figure 3.7.
The figure also shows the profile returned by CURVEFIT (4) and that returned by AMOEBA
({). Ga-GA’s estimate of the background parameters are a = 29.243, b = 0.554 and ¢ = 0.002
(with respective errors given below). Ga-GA results were returned after 1000 generations and
the mean final E(z) was 0.8664, with CURVEFIT giving a statistically equivalent fit (0.8600)
and AMOEBA by a factor of two (2.000). The full results of the parameterisation for all

three algorithms are given in Table 3.3.

Table 5.1: The details of the emission lines used to produce the emissivities in this chapter.
Only lines in the range of the CDS and SUMER instruments on SOHO were used (150-
—1600 A). Notable exceptions are the lines belonging to the iron ions (Fe XII-XV).

Sequence  Transitions Tons
Lithium  2s —2p, 2s — 3p C1IV,N YV, O VI, Ne VIII, Mg X, Si XII
Beryllium 252 1S —2s2p 3P, 1P CIII, NIV, OV, Ne VII, Mg IX, Si XI

252p 3P, 'P —2p? 3P

Boron 2522p 2P — 252p P, 2D CII, N III, O IV, Ne VI, Mg VIII, Si X
252p” 1P — 2p> 1S

Carbon 2522p2 3P — 2p® 58, 3D O III, Mg VII, Si IX
2522p2 3P — 2522p% 'D, 1§

Nitrogen — 2p* 4S8 —2p3 2D, 2P Mg VI
Sodium 3s—3p Si IV
Magnesium  3s? 1S — 3s3p 3P, 'P Si IIT

wmu@m 3p— uﬁw 3p
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3.3. ANALYSIS OF A QUIET SUN SUMER SPECTRUM

and 20 Gaussians to be present with on constant background. Such ‘blind’ fits show that we
can obtain a reliable decomposition of the entire spectrum. An example where a ‘blind’ run
is significantly better than one where a priori knowledge is used to aid in the decomposition

is given below (see Table 3.4).

3.3.1 Using Additional Knowledge

Usually, extra information about the spectrum is known, and it may be needed for some cases.
This information can be ‘hard-wired’ into Ga-GA easily. For example, we could demand that
the spectral decomposition must not contain spectral detail narrower than the instrumental
width (oinst). Or, we could specify that relative positions (or intensities) of lines from the
same ion, known to great accuracy from laboratory measurement, be fixed to certain values.
Such constraints can be incorporated into the GA through a simple modification of the fitness

evaluation, equation (3.3). For such an example we might use:
2
B(z) = x* + CoH (Wi, 0ing) + Dy (Xi = Xj) = (X[ = X)) +... (37

where we introduce the additional constants C; and D;; to control the ‘trade-off” between x?
and the newly incorporated information, and where H(W;, 0i5) will weight the optimisation
against features narrower than oj,s. A future version of Ga-GA may take advantage of this
additional information to act as desktop on-line plasma analysis package. Recall however,
that the number of parameters in the calculation effects the rate of convergence (Section 3.2.1
and Section 3.2.2).

The lower panel of figure 3.9 shows the results of a Ga-GA decomposition where we have
included a line list of all the lines marked in upper panel of figure 3.8, the implementation
of this is discussed below. The ‘fixed’ wavelength decomposition® (see results in Table 3.4)
tells us additional information about the spectrum; there is an average redshift of 0.070 A of
the lines in the list from their reference position. This corresponds to a velocity of around 10
km/s. The comparison of the contributions between first and second order lines in the 1404
- 1408 A region shows that Ga-GA can successfully decompose a real, convoluted spectrum,

into meaningful components.

3The profiles computed are allowed to deviate from the reference wavelength by, at most 0.1 A.

differential emission measure (DEM) functions discussed in the previous chapters. However,
the process of inferring such a distribution of quantities is not one to be taken lightly since
it is ‘booby-trapped’ with numerical instability and non-uniqueness. Previous work on these
DEM problems have concentrated on the physical nature of the emission lines used, including
work discussed in this thesis. However, we present a new approach in an effort to reduce, as
much as possible, the ambiguity of such poorly conditioned inverse problems. We do this by
considering the mathematical properties of the solar UV/EUV emission lines and not only
their physical properties, i.e. the n., T, sensitivity of each.

We have seen that, as far as inverse problems are concerned, the uniqueness and numer-
ical stability of the solution is acutely sensitive to the conditioning of the resulting matrix
equation. For the DEM inverse problems we must maximize the ‘potential’ of the data in-
version and we will see that the choice of lines? to analyse will help achieve this goal. The
freedom present in the DEM problems (construction of kernel matrices) can be exploited to
disclose an optimal set of lines from the UV/EUV lines in the wavelength range of the SOHO
CDS/SUMER  instruments (150 — 1610 A).

For example, consider the emission line labelled | with total integrated line intensity (I;)

given by the double integral in terms of n, and T, as
L= \ Ki(ne.To) p(ne, To) dne dT,. (5.1)
e Ine

where p(ne, T,) and K;(ne, T,) are as defined previously. Equation (5.1) can, as demonstrated

in Chapters 2 and 4, be reduced to a univariate Fredholm integral equation of the form

I u\m Ki(se) f(se) dse (5.2)

where (for plasma characteristic s, = ne,T,) K;(se) is the line emissivity? and f(s.) is
representative of the differential emission measure in either ne or T,. We have noted previously
(Chapter 2) that one such equation will only allow us to reliably specify f(se) at one chosen
Se point since we only have one data point I;. So, if we observe N emission lines and discretise
equation (5.2) at M points in s, we will have to built a matrix equation around an M x N

matrix (Kjrxn), the kernel matrix? of the integral equation.

2For brevity, the term ‘line’ will be used for emission line.
3The term ‘emissivity’ is used throughout this chapter to represent the line emission coefficient normalised

by nZ.
“For the rest of this chapter we will use the term ‘kernel’ to mean the kernel matrix of the integral equation,

often by simply referring to K.
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4.5. DISCUSSION

Chapter 4

New light on the solution of DEM

inverse problems

. © Observed Ratias (R,)
This Chapter Recovery with A, of 0.050  Calculated Ratios (Ruye)
122 et e et O =2 100.00F
Spectroscopic diagnosis of the temperature and density structure of hot optically thin plasmas $ ¢
from emission line intensities is usually described in two ways. The simplest approach, the ‘line *
ratio’ method, uses an observed ratio of emission line intensities to determine a ‘spectroscopic 1000k

mean value’ of electron temperature (T.) or electron density (n.). The mean value is taken

to be the homogeneous theoretical value of T. or n. which matches that ratio of observed line

¢
21 &vx AMV A%MW w

TR,

values are hard to interpret since each line pair yields different mean parameter values. The * +

§ x

intensities. The line ratio method is stable, leading to well defined values of (T.) or (n.) for

each line pair, but in the outer solar atmosphere (a highly inhomogeneous plasma) such mean

£(Te) [em™ k7]

more general ‘differential emission measure’ (DEM) method recognises that observed plasmas

0.10F
are better described by DEM distributions of temperature or density over the observed plasma
volume, and poses the problem in the inverse form of deriving the DEM functions from the
complete line set. It is well known that the DEM function is the solution to an inverse problem 1020 Ll L 001 Ll b b bl
10° 10° 107 0 5 10 15 20 25
and can be treated as a function of T, n., or both. Derivation of DEM functions, while generally 10gyg T, [K] Ratio Number
considered to more rigorous, is unstable to noise and errors in spectral and atomic data. This
Chapter highlights work on the DEM inverse problems discussed in the previous chapters and Figure 4.24: The global results of the RIT operating on SERTS-89 data with a Maximum

presents a novel Genetic Algorithm based technique for circumventing the effects produced by Entropy smoothing functional. The upper plot indicates that the solution minimising vector

systematic errors present in the atomic models. 2 9y - . ) ) )
v = (A, D? x?) is obtained for a smoothing parameter A,y of 0.050 and with an associated

x> of 7.334. The lower plots shows this optimal solution (left) and the recovery of the

Knowledge of the densities and temperatures of space plasmas is essential if we are to observed line ratios (Rops and Reae are given by + and o respectively) with their associated

understand their most basic structure and transport processes in them. Without this knowl- observational errors (right). The solution shown clearly agrees with the single peak DEM in

edge, almost nothing can be said from data regarding the generation and transport of mass, the 6 < logyo T, < 7 region.
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4.1. RELATION BETWEEN LINE RATIO AND EMISSION MEASURE ANALYSES

the total power P; radiated by a particular spectral line labelled . So, for an optically thin

plasma occupying a volume V' is

@H\\\ hvi Ainy ) dV erg st (4.1)
1%

where h is Planck’s constant, v; is the frequency of the line, A; (s ') is the Einstein A-
coefficient, and 7, (cm —3) is the population density of the upper level u(i). Following
standard practice, we define a line emission coefficient, K;(n.(r),T.(r)), normalised to the

electron density squared as

hw; i) Ai 3 -1 1
f =——5— ergcm’ s i 4.2
Ko (6). (1) = GO erg em st 57 (42)
then equation (4.1) becomes
NUS.H%S\WLSQ?YH@?:SW?V&W% erg s—!. (4.3)
v

We remind the reader that to write the equation in this form we have made several im-
plicit assumptions, these are assumptions are stated in Chapter 2. We have observed that
K,(ne(r), Te(r)) is almost independent of density n, for collisionally excited permitted tran-
sitions decaying to the ground state of a given ion.

Equation (4.3), with full dependence on n, and T,, can be formulated in terms of a
function of electron density and temperature. This function was identified above as the
bivariate DEM function of n. and T,, namely p(n.,T.). If we follow the procedure used to
formulate equation (2.68) for the line intensity I; and not the total radiated power P;, we

have I; = P;/(4nS), where S is the area of the projected volume V' and
I; H\ \ K;i(ne, Ty)iu(ne, Ty) dnedT, erg cm™2 syt st (4.4)
e Jne

Again, we define the differential emission measure in n., ((n.), as the reciprocal density-
gradient-weighted mean square electron density and, correspondingly the differential emission
measure in T,, {(T,) as the reciprocal temperature-gradient-weighted mean square electron
density, obtained from equation (2.67), as follows:

C(ne) = - (e, Te)dT cm™? (4.5)

(T = \:‘ESA%E em™ K~ (4.6)

As discussed previously, in the context of inverse methodology, these moments are the

best way to interpret the raw observed data to help determine the energy balance (Jordan

4.5. DISCUSSION

(10,000) for a 30 point temperature discretisation. The line emissivities are calculated at a
fixed electron density (ne = 5 x 10° cm 3; Lanzafame et al. 1998) obtained using a single
density sensitive line ratio®.

From the ‘stronger’ of the 269 emission lines observed we have selected 24 ‘Correlated’
pairs of lines from the same ionisation stage (to minimise likely systematic uncertainties,
leaving essentially b-b rate errors only). As above, we calculate the value of oy, for each
ratio pair [ using the recipe of Section 4.2.1 and present the details (wavelength, intensities,
observational errors and fractional theoretical errors ¢) of each ratio pair in Table 4.5. Note
that all the values of ¢ lie in the 2-7 % range.

Figures 4.22 through 4.24 show the details of the RIT runs for the first, second order and
ME smoothing functionals respectively. As for figure 4.4 we present these global results for
the vector v (= (A, D?, x?)) and indicate the solution with the minimum ||v||, on the curve
by e. This ‘optimal’ solution is plotted in the lower left of each figure. Similarly, in the lower
right of the figures, we plot the calculated line ratios R (indicated by ¢) returned at the end
of that RIT run against the observed line ratios Ry (indicated by #) and their observational
errors. These figures show the same optimisation trends (i.e. the minimum [|v||y coinciding
with the best solution) as those presented in the previous section so we therefore adopt these
solutions as the optimal forms of £(7%) on application of the RIT to the SERTS-89 data.

It is clear from figure 4.25 that the &(7,) functions recovered by all three smoothing
functionals clearly agree with the single peak DEMs of Brickhouse et al. (1995) and Lanzafame
et al. (1998) and there is no clear evidence to support the triple peak model. Although this,

again, highlights the severely ill-posed nature of the DEM inverse problem.

4.5 Discussion

We have shown that for an optically thin plasma, there is indeed a unique mathematical
relationship between the ‘mean’ spectroscopic quantities (n.), (T¢) and the differential emis-
sion measure functions ({(7¢). ((ne), and p(ne, T,)). These relationships are true provided
certain assumptions hold regarding the nature of the emitting plasma, and the characteristic
behaviour of particular line ratios, and show the equivalence between the full inversion and

mean value methods.

8 Although we have discussed the use (and ambiguities) of line ratios as a single density measure of a clearly

inhomogeneous plasma, for this discussion, we will go on ‘blind faith’.
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4.1. RELATION BETWEEN LINE RATIO AND EMISSION MEASURE ANALYSES

4.1.3 Relationship between y(n.,7,.) and (n.), (I.) pairs

In the general case we wish to obtain information about the form of the bivariate differ-
ential emission measure, p(n., T.) from a set of ‘mean’ spectroscopic densities, (n.), and
temperatures, (T.), discussed above. These ‘mean’ values are usually derived individually, as
described earlier, by looking at line pairs that are mostly sensitive to T, or n., but not both.

Following the method of the previous sections, we seek mean parameters (n.) and (T,) of
the homogeneous plasma that will yield the same line ratio as the observed inhomogeneous
plasma. Some care must be taken here, as can be seen by, following earlier sections, assuming
that the bivariate DEM function can be approximated as separable by p(ne, Te) = pod(Te —

(T.))d(ne — (ne)). Using equation (4.4) to form the line ratio of two lines with labels i and j,

(i #J):
R — b _ b,n%:n Ki(ne, Te) pu(ne, Te) dnedT, (4.21)
K N\. bw%:n Mﬂm ?\9 ﬂmvtﬁﬁmq m;av dn.dT, '

On substitution of p(ne,T,) given above into equation (4.21) and performing the double

integral we obtain

Ryy = Billnel (L)) _ i), (1) (422)

K, ((ne), (1))
To try to determine (n.) and (T.) does not make sense, since there is just one equation,
but two unknowns, (n.) and (7.). Thus it is clear that another equation is needed. One
possible solution is to assume that (T,) = ﬁ@. where ﬁ.w. is the coronal ionisation equilibrium
temperature for the particular ion(s) under study. This is in fact a common assumption
Emmomono_mwogo:m:b%Ao.m;zmmo:HgC.Hms_wmsmmczﬂvﬁoz?sw@E@ggwo_movmm

made, then for a set of emission lines of temperature and density sensitivity, we see that the

pair ({ne), (T.)) can be determined provided there exists an inverse function >\~s.mﬁ i.e.

((ne)ijs TY) = M5 (Rij) (4.23)

Repeating the steps taken to formulate equation (4.12) we divide through equation (4.4) by
another line intensity, I;(;), again displaying the required functional (either density sensitive
or temperature sensitive) behaviour to produce:

Ns. _
I

R; iy = \\ K](ne, Te) p(ne, Te) dndT, (4:24)
e/ e

discretising this with respect to n. and T, we have the following

m P
Ry i) = M M w(ng,T;) wﬂ;:ﬁﬁv Ang AT, (4.25)
1=1 ¢=1

4.4. APPLICATION OF THE RIT TO SERTS-89 DATA

4.3.3 RIT inversion results using a generalised smoothing functional

From some of the results presented above, specifically model 2 of Section 4.3.1, are reasonable
solutions given the limited nature of the smoothing functionals used. This is especially true
when discontinuities in the DEM functions are likely to be present. The following discussion
shows that it is very simple to implemented a generalised smoothing functional to resolve
sharp features in DEM functions f(s.) with the RIT.

In this case we will implement a form of Maximum Entropy (ME) smoothing discussed in
Section 2.1.3.3. The form of ®(f(se)) (cf. equation (4.33)) now being, for f(s.) discretised
over N points in the s, domain

X (i fi
®(fo0) =% (Z)m(2) (4.42)
where f; is the evaluation of f(s.) at index point 7 and y is the prior of the solution taken to
be the average summed over the entire domain (y = (f(s))).

The global results of the RIT runs using this ME form for the smoothing functional
on Model 2 for standard and perturbed emissivities over a range of smoothing parameters
are presented in figure 4.19. Again we can identify, for the perturbed emissivity inversion
alone, the optimal value A (0.580) and we use the corresponding solution to compare with
the RIT recovered results for regularising functionals n = 1,2. Figure 4.20 shows that using
an ME approach allows a less subjective interpretation of the data; simply because no strict

functional form is imposed on the solution.

4.4 Application of the RIT to SERTS-89 data

Now we present details of the application of the RIT to data acquired by the aforementioned
SERTS mission flown on May 5" 1989 (hereafter SERTS-89). The aim of this analysis being
the recovery, and comparison, of the differential emission measure in 7T, for the transition
region and corona (5 < log;y 7. K < 7) with those published, using the same data previously
(Brickhouse et al. 1995; Landi & Landini 1997; Lanzafame et al. 1998).

The observations made during the SERTS-89 flight concentrated on one active region
(NOAA ARS5464) from which a total of 269 emission lines were measured’ in a wavelength
range covering 170-450 A. Details of the data reduction and calibration can be found in

Thomas & Neupert (1994).

"The absolute intensities of the lines were averaged over the entire duration of the flight.



1Y} SI0IID 03 DAI}ISUISUI SI LTY OY} ‘SI Jey], 'snondique A[YSIY SUOISIOAUT A)ISUajul
pIepue)s Jo S)NSOI oY) OYRUW PINOD JBY) SHUSIDIJO0I el DIWIOJe O} Ul SIOIID ITJRUIISAS
o3re] Aq A[yeo18 peouonpur jou st ‘(TJY) onbruyoo], WOISIOAU] O1yeYy oY) ‘POYIOUW SIY) eI}
QATSII[OTOD oI SINSOI ) ‘SUOTIOUNJ ©0INO0S, NH( 1S9} JO SIS ' I0J ‘Je) MOYS oM PIapU
‘paure}qo suorynjos oty jo AY[Iqe)s [RILIOWNU O} dSATeur 0} (Y I0j Son[eA d3URI OPIM B I0A0)
S[eUOIOUNJ SUTY)OOUWIS JUDIOPIP OSTL PUR PISTISIISIP OIR S[RIZJUT T} YIIYM IOAO [SOUT 2§ IT[)
Ayoods [[im om o191 pojuasoxd suoryenored oY) 104 -10)deyd snoraoxd o) ul posSNOSIP oM
sy 5 Jo sordoutad eorweydou otseq pue Aojouruiid) oy, (G661 NBIUUOQIRYY)) PIPOOUd oq
ued (gg) uorpenbo oY SUOIIRMO[RD IRDUI[-UOU OIYM [[HIm 0sed o1} pue (6861 310qp[on)
SSOU)SNOT [RILIDUINT ST JO 9sNeIAq (YH)) UNILIOS[Y O110UdL) ® UISOYD OARY oM PUD ST
o], ‘yoeoxdde reourj-uou mou e jdope jsnu om yey) Ing ‘spoyjeoul (JAS 10 uUOIyesLIR[NGOX
AQUOTDL], PIRPUR)S 9SN J0uUD) oM ey} ueowl (ge) pue (1¢§) suorpenbo jo uiio} oyJ,
‘[RISOIUT [RNYOR BT} JO IRUITISO OIUIINPIP-0)IUY PIRAIOJ ® S (£6'F) TOIY

-enbo 0yeMmoyed 0) PoINbaI o [[IM dM PIUe UOIOUNJ PISTIOIISIP & oq A[IedD [[IM (%) [ dIouM

o,
EWNN

(s)fup

1e1[) yons Iopio [erwouijod

[=wne

(ee7) ’sp
14

43U 93 03 qloows oq 03 (°s) [ Surtopisuoo spdurexo
10§ ‘0oeds wOTIN[OS O} JO OINYRU AT} J00PaT T ((°s)f) Jo 9otoyD o1} possnosip A[snorasad
oaeT om sy (9F'g) UoIpenDba 0AJ0s om JeT[) SoIMbOI SoIISULUI JUT] JO 108 ® I0] SUIAOS 9s®D

Teout] oY) ‘wIey (%177 9197 ). x oY) wody ‘(°s) / Ut IeoUT[-UOU ST (g¢'F) uoryenbo ozoym ‘ALresy)

“Apparyoadsor Truorjouny Surgjoows pue Iojourered Jurgjoows oy o1 ((%s)f)d pur Y oIoym

(ce) ()@ X + (17 ) x = X

(1% pue 9y uvdM)dq dInsLOW X [RINSIIRYS
o1} Jo wof © oq 03 ‘oroqe ¢y Surydope) sestruInt Yorga (?s) [ 10J TOTHN[OS POSITRNSOI ® Hoos
psnut om ‘swafqoad osToaut posod-[[T [[e M osed o1} ST S8 ‘T0A0mol] “(0g'F) woryenbo 3uisn
poremores axe { 21"y } jo 108 oY) pue (mo[pq passnosip) “lo Aq woa1d ((?s)Lyy pue (s)iy ur)

(590,

s1ojourered OTWIOYR JURAS[DI O} UI SIOIID O JO SOIRUITISD J2172.409%7 *'"lO SIOLIO )M SOTIRI
aury ury) Aqesr)do paaasqo jo jes oy st { 4%y } ‘ared oury remnoryred © Jo [oqR] OY) ST 7 SIYM

s90)
4

1=1
N . N — AuNeuMN Fmanmv X
mAEdum - Eemv N

Yy
o+ "lo
(16'%) g

30 (1" uor}0ag “§o) uorn[os sorenbs jsLA[ Y} {298 PNOM oM PS Jo wOIOUNY

atuyep oa1y1sod yjoows ® st (0g'y) uoIpenba 0} UOTINOS Y[} AIYM dUO ‘P[IOM [ROPI UR UL

SNOILONNA WHA HOA SNOILNTOS NOISHHANI OILVY "¢'¥

‘e Aq pajROTPUI 91 (OS[R $9JRI J-q UL SIOLID) SOTJRI POR[DIIOIU[),
o) pue * £q paYROIPUI dIe (S9)RI (- Ul SIOIID) SOTRI POJR[ALIO)), ], "PAI0A0dAT oIe Ired
ord 10J 21?7 soTyed 9UI] [RILJOR 1) [[oM MOT] ojeljsuomwap sjo[d puey PSLI oY ], "SOT}IAISSTUID
pIepue)s I0j (oUI] Poysep) [opOUL o) pue (oUI[ PI[OS) UNI UOIYRIdUAF ()O‘QT SIT JO PUD o)
ye LY Y} £q pauinjox uorinjos o) moys sjo[d puey 94jo[ A, [eUONIUNj Surgjoows PIo
18Iy © puR Y s1vjourered Junyjoows JUdIOHIP Jo da3uret v pue ppow dojg, o) 10J (F1'F omSy

Jo woryrod IomOT 9T} 99ROID O) pasn) sunI [y O[Suls jo s[rejop 3urmoys sjo[g 91§ 9IS

Jiog onoy [o-wa] °u 0oy
sz 0z Sl oL I oL 6 8
3 *
o .
3 x
. . Jaou
.
\\\\\\\\\ W %
M ~
E N Jos1 &
. <
3 * ;
E * EET F L q002
*
3 * Jazt
x
01Dy paipjeliodun @ 011Dy PaID[BII0]) ¥ 7
Jiog onoy T2 °u %oy
sz 0z Sl oL S I oL 6 8
e
S N Jaor
£ X x x
.
Foa o ____ * = —x—w % %]00°1 2
g L ] ~
. M “ e & st A8
E M Jou 7
N S Jaoz
M .
£ " Jsit
* * * *
BPI0 83 ¢ propunIS : [ wo o, 01] ()2 deis ¢ peeon |
Jiog onoy [,_wa] °u oy
sz 0z Sl oL S I oL 6 8
£ N Jas
E Jos60 AN Joot
oud
3 ¥ 30660 & =
. . 2 L Jost £
x g
E®— o xx — — — % — —x—xxx %x3000°L °
. x¥ X x X
N 0 W Jaoz
E * M Jatot
Cu iy ——— (Cu)d 1BPON oo |
Jog onoy [,_wa] °u oy
sz 0z Sl oL S I oL 6 8
* E 10
E Jaes0
E Jas
o . M M * &0 ~
- — = % — — — % — =% x1000°1 & E Jool =
. xX x x e R
x * H
E Jaiot 3 jost
E Jooz
3 * Jozot

SLINSHY €7



4.2. RATIO INVERSION SOLUTIONS FOR DEM FUNCTIONS

are likely to dominate standard inversion procedures and therefore provides a
new means of obtaining less ambiguous results about the emitting optically thin

region of the solar atmosphere under examination.

4.2.1 Calculation of kernel errors

To calculate meaningful values of oy, (for each line pair /) we have performed a Monte Carlo
simulation to get a distribution of twenty perturbed line emissivities for each transition. Per-
turbed, in the sense that their component atomic terms (rates and coefficients) are randomly
perturbed about their “accepted” values. The amounts by which these coefficients and rates
are perturbed are relevant to figures put forward in the literature, specifically in ?? and
Judge et al. (1997). Recalling from Section 2.2 that we can express the emissivity of the

optically thin emission line ¢ (in the simplest sense) as
Ki(se) = &+ Xj(se) - Vi(se) (4.34)

where # is a constant, Xi(se) = ’Hex is the conglomerate of the bound-free (b-f) terms
and Yi(se) =

respectively?. So, if these quantities have associated errors 6X; and 6); then the fractional

n

of the bound-bound (b-b) terms of the transition as functions of s,

n

error in the line emissivity can be expressed as

QMVN - @wvﬁ @k% : (4.35)

The calculations presented in this chapter have associated standard (1o) deviations in the

fractional errors of the order (cf. Judge et al. 1997) :

- For the bound-bound processes we adopt a value of 3%. This of course ensures, by defini-

tion, that 32% of the random realisations will have errors in excess of 3%.

- We have chosen to use logarithmic (base 10; log-normal distributed) deviations of £0.1
about the mean value for bound-free processes. This value is clearly an estimate be-
cause the amplitude of errors in such (b-f) processes are not well known, ?? - Private

Communication.

These values reflect possible lower magnitude limits on the b-b and b-f terms. So, the effects

on line emissivity K;(s.) are conservatively estimated to lie between 10% and 125%. Of

20f course these terms have been defined previously. The definition of X; remains unchanged, but Vi was

defined as the elemental abundance relative to hydrogen.

4.3. RESULTS

Figure 4.15: The global results of the RIT test on the ‘Step’” model for {(n.) using a first
order (n = 2) smoothing functional are presented here with quantities as described above.
In the upper plot, for standard emissivities, Aoy has a value of 0.01 which has an associated
x? of 0.100. Likewise, the lower plot, for perturbed emissivities, Aopt has a value of 0.001
which has an associated x2 of 5.456. As in previous figures it is clear that the x? calculation
is dominated by the discontinuities in the model. Again, A, is indicated by e on the upper

curve.
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4.3. RESULTS

the operator and as in the application of the scaling function above we must address this
difficulty a posteriori. That is, we must obtain solutions that minimise equation (4.32) over
a wide range of \. This is performed by extending the estimation method of linear inversions

(cf. figure 2.3) and considering a reformulation of equation (4.32)
x° = X? +AD? (4.40)

where D is the evaluation of the smoothing operator. The simplest way to consider this is
graphically, i.e. we plot X versus D? versus x? - the vector v = (A, D%, x?). As an extension to
the standard linear inversion case the best solution, that not only satisfying equation (4.32)

but having a smooth functional form is given by

Xopt = E\/ET;M +x%2+D?} = :%d [Iv]2 (4.41)

where the Euclidean norm ||

is as previously defined.
It is important to stress at this point that, for the test model f(s.) functions considered,
we are taking a ‘forward-backward’ approach. That is, for a specific model f(s.) function,

we perform the following steps

Forward - For the series of lines from which we will eventually construct line ratios we must
calculate, for a specific model f(s.), integrated line intensities (equation (4.28)). We then
randomly perturb these line intensities wiht a 1o error of 15%. These intensities are then

used to construct the line ratios used in the RIT, in this case mwi for line pair [ = (i, j).

Backward - Taking these values for Nw?ﬂ their errors oy, and the values of 0y, , calculated

obs

as described in Section 4.2.1, we then seek to optimise equation (4.32) for specific values

of X and smoothing functional ®(f(s.)).

As a fair test of the RIT we perform the backward ‘leg’ twice, once using the emissivities
used to calculate the intensities and the other using perturbed line emissivities. The point
being that, if the errors are truly systematic then the ratio analysis should alleviate their
numerical effect on the recovered solution. These are hereafter referred to as standard and
perturbed inversions. Note that the perturbed inversions are all carried out with the same set
of perturbed emissivities which is randomly chosen from the set of 20 discussed above.
Using these we will see how well the RIT ‘“filters out’ systematic errors in the line emis-
sivities which cause the catastrophic instabilities for standard intensity inversions found by

Judge et al. (1997). The following subsections detail the results of these tests for &(T%)

4.3. RESULTS

of ¢(ne) because it is a diagnostic of the emitting plasma not commonly discussed in the
literature. It is anticipated that any form of inversion for ((n.), whether it be using the RIT
or a standard regularisation routine, will suffer from serious problems associated with the
poor conditioning (see, e.g., Section 2.1.2) of the set of line emissivities used. Again we leave
discussion of this effect to Chapter 5. A gross simplification is that, where the line emissivities
of the optically thin emission lines are relatively peaked functions in 7, and are not so when
considered as functions of 7. One look at figures 5.1 and 5.9 will convince the reader of that.
As a consequence of the functional nature of the line emissivities the condition number Cx
of equation (4.29) is much larger than that of the £(7,) inversion case above and the degree
of numerical stability in the inversion is dramatically reduced. Hence, the solutions are more
sensitive to data noise and are likely to be highly oscillatory in nature.

So, neglecting the issues concerning the poor conditioning we present the RIT test results
for a test model (and problem) that is conceptually no different from those presented above.
Here the test model is a ‘Step’ function over the n, domain (8.5 < log;; n. < 12.5) and is
shown in figure 4.13. Again, we have performed the ‘forward-backward’ analysis described
in Section 4.3 with the line intensities, ratios, standard and distribution of 20 perturbed

emissivities calculated using the recipe of Section 4.2.1.

_ 200 |
,m L i
o L |
o 150 s
m L |
~ L |
100 — —
50 L ]

8 9 10 11 12 13

Logyp ne Tuijﬁ

Figure 4.13: Plot of the ‘Step’ test model of {(n.).
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4.3. RESULTS

Table 4.1: Details of the line pairs used in the RIT runs on &(T¢) presented in this chapter.
For each ratio pair [ = (i, 5) of R;; the numerator, i, (N) and denominator, j, (D) lines are
indicated, along with the ionic stage to which they belong and their wavelength (A Nv Also
quoted is the measure of uncertainty ¢ (i.e. oy, as a fraction of the theoretical line ratio R,
for a flat model DEM) from the distribution of 20 perturbed line emissivities. Ratio pairs
1 through 22 are known here as ‘Correlated’ ratios since they have errors in b-b rates only

whereas pairs 23 through 30 are ‘Uncorrelated’” and include errors in the b-f rates also.

# Tony AN Tonp AD € # Tony AN Tonp AD €

1 CIV 154818 CIV 312420 0.1482 | 2 CIHI  977.020 CTI 117526 0.0472
3 MgIX 706.060 MgIX 368.070 0.0397 | 4 MgIX 706.060 MgIX 445.980 0.0273
5 Ne VI 895.175 Ne VII 465.220 0.0550 | 6 Ne VII 895.175 Ne VII = 562.993 0.0194
7 NeVI 562711 NeVI 999.630 0.0525 | 8 Ne VI 562.711 Ne VI  454.072 0.0566
9 SillT 120649 SiIlT 1301.14 0.0671 | 10 NIII  991.502 NIII  772.385 0.0299
11 OVI 103191 OVI 150.089 0.0966 | 12 OV 121834 OV  629.732 0.0405
13 OV 121834 OV  76L128 0.0352 |14 OIV 790.112 OIV  1401.15 0.0405
15 OIV 790.112 OTIV  624.618 0.0417 | 16 OIII  833.715 OIII  1666.14 0.0493
17 SiXI 58288 SiXI 303.582 0.0540 | 18 SiX  621.079 SiX  287.092 0.0480
19 SiIX 692731 SiIX  344.951 0.0263 | 20 Fe XV  419.552 Fe XV  396.893 0.0430
21 FeXV 419552 FeXV 281.342 0.0757 | 22 FeXIV 447.329 Fe XIV 334.172 0.0217
23 CIV 154818 CIII 977.020 0.0775 |24 CIII  977.020 CII  1335.66 0.3115
25 MgX 609.793 MgIX 368.070 0.1991 | 26 SiIlT  1206.49 SiIV ~ 1393.75 0.1563
27 NV 123882 OV  629.732 0.1808 |28 OVI 103191 OV  629.732 0.1236
29 FeXV 171839 FeXV 419.552 0.0708 |30 OV  629.732 OIV  1401.15 0.1061

4.3. RESULTS
-
=
.
30
Ratio Pair
RIT ¢(T.)]
*
*
= 4
=
** * *
e R eee_ o]
.
.
4.5 5.0 5.5 6.0 10 20 30
l0go T, [K] Ratio Pair
Model 2 : Discontinuous £(T,) [1072® c¢m™ K™'] : Perturbed : Second Order
160 F 3 T04T 3
140 ]
: *
120 1.021 . * 1
= 100 & * Xx x
2 80 /m 1.00 \L*x%xtx**x \xMxMVT —x Pe e
o
60
0981 LIS
40
20 ol
4.5 5.0 55 6.0 0 10 20 30
loge T, [K] Ratio Pair
7 * Correlated Ratio @ Uncorrelated Ratio
160 F 3 *
1.20F E
140F s ] .
120F : B ] L 1.10F ]
~ 100F : i : o * . e
 sob ; | 1 N 1.00 T Ao o e
: ; o *
i ] 0.90
40F q U .
20 il E|
4.5 5.0 5.5 6.0 10 20 30
l0go T, [K] Ratio Pair

Figure 4.10: Plots showing details of single RIT runs (used to create the upper portion of
figure 4.6) for test model 2 and a range of different smoothing parameters A and a second
order smoothing functional. The left hand plots show the solution returned by the RIT at
the end of its 10,000 generation run (solid line) and the model (dashed line) for perturbed
emissivities. The right hand plots demonstrate how well the actual line ratios R.q. for each
pair are recovered. The ‘Correlated’ (errors in b-b rates only) ratios are indicated by = and

the ‘Uncorrelated’ ratios (errors in b-f rates also) are indicated by e.
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4.3. RESULTS

Figure 4.5: The global results of the RIT test on model 2 using a first order (n = 1)
smoothing functional are presented here with quantities as described in figure 4.3. In the
upper plot, for standard emissivities, Aot has a value of 1.0 which has an associated x? of
34.64. Likewise, the lower plot, for perturbed emissivities, Aoy has a value of 0.5 which has an
associated x? of 19.75. It is clear that the x? calculation is dominated by the discontinuities
in model 2 through the large values of D? associated with first order smoothing. Again, Asp

is indicated by e on the upper curve.
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A“

i @\QS %

T Mﬂ%uq

Figure 4.6: The global results of the RIT test on model 2 using a second order (n = 2)
smoothing functional are presented here with quantities as described in figure 4.3. In the
upper plot, for standard emissivities, Aoy has a value of 0.05 which has an associated X2 of
0.597. Likewise, the lower plot, for perturbed emissivities, Ay has a value of 0.1 which has

an associated x? of 1.346. Again, Aopt 18 indicated by e on the upper curve.
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Figure 4.9: Plots showing details of single RIT runs (used to create the upper portion of
figure 4.6) for test model 2 and a range of different smoothing parameters A and a second
order smoothing functional. The left hand plots show the solution returned by the RIT at
the end of its 10,000 generation run (solid line) and the model (dashed line) for standard
emissivities. The right hand plots demonstrate how well the actual line ratios R4 for each
pair are recovered. The ‘Correlated’ ratios (errors in b-b rates only) are indicated by % and

the ‘Uncorrelated’ ratios (errors in b-f rates also) are indicated by e.

4.3. RESULTS

respectively.

Given the structure of the global results (shown in figures 4.3 through 4.6) the action of the
inversion’s optimisation process is clear; increased smoothing does create a smooth function,
but one that does not necessarily enhance the recovery of the ratio pairs. Some details of
individual solutions are shown in figures 4.7 through 4.10 where we can clearly observe the
important role that A plays in the optimisation. This series of figures demonstrates, for a
range of smoothing parameters, the relationship between the recovered solution (solid line)
of the respective model (dashed line) and the values of R.q. at the end of the RIT run. The
right hand side of figures 4.7 through 4.10 show the behaviour of the ratio %n“.w for all the line
ratio pairs, with the ‘Correlated’ ratios (b-b errors only; #: 1 — 22) and the ‘Uncorrelated’
ratios (includes b-f errors also; #: 23 — 30) indicated by = and e respectively. Clearly,
looking at these figures in general we notice that when X is small relative to X and D (< 1)
the solution is under-constrained and is highly oscillatory and recovers the values of Rgs to
within a few tenths of a percent. However, if ) is large relative to X and D (3> 1) we see that
the solution is over-constrained (and over-smoothed) and is detrimental to the recovery of
the observed line ratios since the recovered ¢(7T,) function no longer adequately ‘fits’ the data

through the ‘folding’ of the emissivities. Similarly we observe that in the majority cases it is

the uncorrelated ratios that are least well reproduced. This is evidence that equation (4.32)
is a true x? estimate since we would expect that the quantities with the highest uncertainties
oy, will be given least ‘weight’ in the calculation and hence, be most poorly recovered. This

is all highly analogous to the process of choosing a

cut-off” point, in a inversion using singular
value decomposition, that suppresses the eigenfunctions corresponding to small eigenvalues
that was discussed in Section 2.1.3.1.

Using the values of the optimal smoothing parameter (X,,;) identified in figure 4.3 to
figure 4.10 we proceed by comparing the RIT with a standard Tichonov inversion for line
intensities®. These values are collated in Table 4.2 for each test model where we have made use
of equation (4.39) to estimate such an optimal value for the Tichonov inversion. This inversion
comparative is anticipated to show that the perturbations applied to the line emissivities can
be catered for in the RIT but not in a standard routine by design. Indeed, we present the

set of comparative test results for the RIT in figures 4.11 and 4.12. These figures, as stated

above, demonstrate the effectiveness of the RIT in combatting the effects imposed on the

5Only the 43 line intensities used to form the 30 line ratio values are used in this calculation. These lines

can clearly be identified from Table 4.1.
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Figure 4.12: Comparative results for the RIT and a standard inversion when using both
standard (upper plots) and perturbed (lower plots) emissivities. Recovered functions from
the RIT (solid lines) and a standard Tichonov regularisation (dot-dash lines) are plotted
against the test model; in this case model 1, the continuous test model. The values of Ao

can be obtained from Table 4.2.

4.3. RESULTS

(Section 4.3.1) and ((n) inversions (Section 4.3.2) and, for ‘completeness’, Section 4.3.3
demonstrates the usefulness of implementing a different, more generalised smoothing (or

regularisation) functional.

4.3.1 RIT test results for £(7,)

In this section we test the properties of the Ratio Inversion Technique (RIT) against those of
a ‘standard’ inversion method. That is, we will exploit the error filtering capabilities of the
line-ratio technique of obtaining plasma diagnostic quantities and numerical instability of a
GA optimisation approach in the face of large systematic errors in the line emissivities like
those discussed in Section 2.2.

The model ¢(T,) functions we consider here are contrived to encompass the various classes
of ¢(T¢) function likely to occur in the solar atmosphere and not as having any specific physical
plasma interpretation. We study two such functions here: model 1 is strictly continuous over
the temperature domain (4.5 < log,y T < 6.5) and is parabolic in form whereas model 2 is a
‘Top-Hat’ function with discontinuities in T,. The two test models are shown in figure 4.1,
recall that these functions are discretised over 30 temperature points.

Table 4.1 identifies the line ratio pairs [ used in these calculations along with their wave-
lengths (X A) and their measure of the theoretical uncertainty in the line ratio ¢ (oy,, as a
fraction of R;,, for a flat model {(T,) function.) It is clear that, as anticipated, the line ratio
pairs with each line belonging to a common ionisation stage of the atom having consider-
ably lower values, in general, than others being typically in the range of ¢, ~ 2 — 10%. The
‘Uncorrelated’ line ratio pairs have typical values upward of 20%. Note, the unusually large
error in the ratios of lines within the Lithium like (Li-like, to use the notation of Chapter 2)
ion C IV. Figure 4.2 illustrates the discrepancy between two different atomic models through
the ionisation balance of multiply ionised carbon (C IT - C IV) as a function of T,.

As stated in the previous section the solutions are evolved over a fixed number of gener-
ations (10,000) over a wide range of values for A and for different orders n of smoothing or
regularisation (n = 1 or 2 for these simple test cases). These tests allow analysis of the RIT in
a global way. In other words, we exhibit the results by plotting the vector v (= (A, D, x?))
discussed above to help identify the optimal value of A (Ayy) which, will in turn be used
for comparison of the recovered solution with that obtained using a standard Tichonov in-
version. Figures 4.3 through 4.6 show these global results for the two models with first and

second order smoothing for standard (top of plot) and perturbed (bottom of plot) inversions



*T03deTd JXOU ST} UI JSIOU AJSUSIUT %G I0§

POAIOSqO 9q WD ST, "T3M] 0S JOU ST OSIOU ¥IeP T} UM $S9] A[(ISIA OI€ WOIN[OS O} UI SUOIIR[[IISO 9SITL

*I93deT[D )X0T AT[) UT PauTR[dXo ST 1900 ST, ‘SOA[OSTWIAT) SAITATSSIUIS OUI] BT} JO SSAUIR[, ) JO
JORJIIR TR §2 S} PAT[j00UIs-10A0 Tgadde SUOIIN[OS oY) YINOY) UoAD SUOIIN]OS POIIA0IDI O} JO
Aytarytsod oy soatesoxd os[e LT3 oY} 1€y urede 1ea[d st 3] *(;;0T 0} poredmwon , (T) SUOISIOAUT
(°1)3 snotaoxd o1y Jo yer) uey) IOYSY A[JURdYIUSIS ST ¥,) JO on[ea o) YSNOY) UoAd SIMST
159) LTY 9} Ul UOTJR[[IISO OT[) JO A1) IAIOSO dm (PAUPIP I9AdMOTY ‘ssautjjoous paqriosord
JO 99139p UIRYIAD ® YUM 197 Jo AIOA0DDI) RLIDILID O0m) ATy AJSTIRs WOIIN[OS oY) YeT) A[UO
oqusord om jey) SUI[EY " ¢OSTOU BIRP %GT JO 0oUesold oY} UI UOISIOAUT A}ISUOJUT PIEPUR)S
a1y Jo worynjos (aarpisod fiporags pou) KI0yR[dso A[USIY o) W) I9)30q A[JUROYIUSIS ST JR1)
9IN)ONIIS PIIGA0DAI & SPIATA 1T TOIIN]OS PaTfjoous-Taa0 APYSI[s ue seonpoxd 1Y o) YSnoye

Jet[) Tes[d ST )T ‘)s0) Ienoryred ST} 10 sUNI [TV Y} JO s)NsaI oy} ‘QT'F oIndy woig

0Ty T00°0 poqInyIdg puG
007 0100 plepuels puG
i 1000 poqInIdg )
0Ty 0100 plepuelg ssT

gotox 0180 MOy paepue)g / paqanjmg  10pi() Surgjoowg

‘GTF pue HT§ soandy woly uayey Aqredoutad
oIe SON[RA 9SOY,], ‘S[RUOIIUNJ SUIIO0UWS JUSIIPIP o) I0J [OPOT 1s0) S[3UIS O} WO SUNI T,JY

7]} STIOLIRA OT[) WOIJ PajoeI)Xe \ Iojeurered urgjoours jo sonyea Tewrydo jo s|reoq F§ o[qel,

“A[oaryoodsol e pue « £q poyeorpul oe PIYM (Fg — G @ #) sorjel
(POYRIPIIONU ), o1} PR (8T «— T © #) SOIIRI Paje[ol1I0)), o1} ‘sared OIRI OUI[ oY) [[€ 10} wﬂW\N
OTYRI 9T[) JO INOTART[D( AT} MOYS SIS oY) JO OPIs puey JYSuI oY) ‘uredy "uni [JY oY) Jo puo
a1[) 9e 1”37 JO soneA A} pue (oul] poysep) [ppouwt dd)g, oY) JO (SUI[ PI[OS) TOTIN]OS PAIDAOIDI
91} wdaM)d( dIYSUOTIRIAI A} )LIISUOWDP A[IRO[D TIIYM L]°F pue 91 soanSy ut LY o) Jo
suna oyads owos Jo s[rejap juosaad om (1§ ySnoxyy Jp seandy o) Afreqruurg A[pAryoadsox
suotsmoaut Lyarsstuo (10[d jo woyyoq) paqanyiad pue (jod jo doy) prepueys 1oy Suryjoouws

I9PI0 Pu0dds pue 451y yrm uorjouny dogs (2u)H oty 10y sjord 0sor) MOYS GT'F PUR ] f SoIMT1]

“(#0y) Y 3o onpea reurydo oyy AJryudpt 0y dnjos LTy JUSIPIP Yoed 105 (( X ;7 °Y) =) A 10329

SLINSHY €%

‘g deyy) ‘80 09 ‘101[aLD SB PISSNISIP ST SIYY {S109R10d0 D13PUT OY) JO SSOUIAIIIOPD O 2ONPAL

Aoy nq ALy10doad 100d L[juayed e ‘s1oyerado [eidoyur o1y Jo wIof fenyoe oty yorordde, Loy op Auo joN,

SISA[RTR OT[) SISSNOSIP [*¢'f UWOTIDAG *SUOISIOATT (IROUI[) PIRPURYS M SI[NSOI o1} oTeduIod pue

suorjouny N 1509 [eIoass To ur)tIod[e 1Y o) Jo uoryerado oty JySISIY om TWOT20s ST UT

symsoy €7

‘g dogs

0) WINJAI J0U JI ‘ONRA WNWIXRW S)T PRI SBY SUOIJRIOUDS JO IOqUUINU O} 1Ry} YYD G
‘ouo mou oY) yym uoryendod po oy soejdoy -y
.EOG@.~SQOQ MOU O} UT [RNPTATPUT OB I0J NX Jo onyeA o1} aje[nore) ‘¢

“Totye|

-ndod mou & eonpoxd o) wratyy peaIq pue ‘X Jo son[eA I107) 03 SUIPIOIIR JOSANS © ASOOY)) g

‘[ENPIAIPUI T[2ed 10] (g&'F) uoryenbo

Jo X Sumymsor oyy ojernofeo ‘uonperndod [RIHUI U S SUOIIN[OS WIOPURI ()] 9)RIOUDY) ‘T

: SUIMOT[O] o1} S® POqLIISOP 1s9(| ST TTY YY) JO UOIoR oY,
'¢ 109der) ur ‘qidop I09e0Id ul ‘ureSe jowr aq [[eYS pur g mjdery)
Ul POsSTOSIP SeM SITJ, "A[qRIOPISUOD PISLIDUI ST PoIoAUul o 0} Iojeiado oy Jo ouopuadop
Ieaul], oY) uoy) oouls age)s oruor Iemnorred ouo wolj sired orjel JO IDQUINU POSBOIIUT TR
3ursn J1 onay Aprenoryred ST ST, “WOIINOS PAISA0IDI oY) JO AY[IQRISUI [RILIOWNT UT OSBIIIUT
ue oonpoad ospe Aewr ‘Aes ()¢ 0AO(R AJ UT OSBOIOUT JUROYIUSIS JRY) 90U oM Jnq ‘ATeIiqre s
sisA[eue o) ul pasn sired O19RI OUI[ JO Ioquunu oY) ‘A7 JO 02107 oy, “AN[IqRISUI [RILIOWNT
Jo Aypqussod oyy esearour pue judsordor Loyy (s10jerodo [eiSejur snonuryuod oy} 0} IS0,
108 SOT)TAISSTUIO OUT[ ST} SOSRIIIUI J7 SB ‘OSTIRIO( PISIIINXD O] JSIUL 9IRD JII( PISBIIIUT O UED
Joquunu sIyy T, "ATen)iqre Aparguo st syutod TOTIRSIJOIISIP JO IOUINU 9 SB ()¢ = J7 JO 90107 pur
(uroty) woaMmaq uoryejodiojut ou st a101)) siojourered asay) ojdnod jou soop LIy (25)f o1
‘ooeds ?s ur yurod 2 o) ye wonouny WHQ o) Suryenyeas ojourered .2 oq) YA sivjowered,
0¢ = Jx Jo dn apeur st ‘spenprarpur 001 Jo pasoduoo ‘uoryerndod o) ur fenprarpur yoey
‘suorjerousd 3urpasoid pue jxou
o)) Hurpaa.q 10y suornyos dyqissod jo uoryendod o1y Ul 10J pouTR)aI ST (UOT)RIOUDS DR JO PUD

o1} 1e) (ggp) uoryenbo Suikysipes 1soq UOIIN[OS A} YY) SUIO( UOTIOUNJ S ‘Ws1P2)0 S© UMOUY

SLINSHY €7



4.3. RESULTS

Figure 4.14: The global results of the RIT test on the ‘Step’ model for {(n.) using a first
order (n = 1) smoothing functional are presented here with quantities as described above.
In the upper plot, for standard emissivities, A,pt has a value of 0.01 which has an associated
x? of 0.181. Likewise, the lower plot, for perturbed emissivities, Agp: has a value of 0.001
which has an associated x? of 5.827. As in previous figures it is clear that the x? calculation
is dominated by the discontinuities in the model. Again, Ay is indicated by e on the upper

curve.

4.2. RATIO INVERSION SOLUTIONS FOR DEM FUNCTIONS

course, there are other possible atomic and external mechanisms that can further increase
these estimates but discussion of these is left until Chapter 6.

The actual process of perturbing the atomic rates/coefficients is carried out by routines
of the HAO-Diaper atomic calculation package. To obtain actual estimates of o, we have to
obtain a distribution of line emissivities for each line, each with different random realisations
of the constituent atomic factors. We obtain twenty such realisations for each line and use

the following recipe to construct values of oy, for the line pair I = (4, 7).

1. Calculate the integrated line intensities for each line and each perturbed line emissivity;
yielding a distribution of @ = 20 line intensities. It should be noted that we use a constant
‘flat’ fo(se) to calculate these intensities but such an approximation is not taken lightly and
is made primarily to have a simple and uniform error estimate for every line no matter at
what temperature it is formed at. So, returning to the problem in hand we have calculated

20 randomly perturbed values I} (cf. equation (4.28))
1= [ Kilso) folso)dse (4.36)

2. Repeat the previous calculation for every possible line until distributions of line intensities

L={1},.. ﬂh.@ } are formed.

3. Use the distributions of step 2 to form distributions for the various emission line pairs
R ={R}... Lﬂ@ }. Note that the individual values of mw. (1 <4 < Q) are calculated
with the denominator and numerator line intensities are taken from the same model,

model j.

4. Given now that we have a random distributions for the same ‘flat’ f(s.) function it is
reasonable assume that the standard deviations (1o) of the distributions approximate the

values of oy, well.

4.2.2 Specifics of the Ratio Inversion Technique (RIT)

As noted above we are making use of the adaptability of a Genetic Algorithm (GA) to
perform this non-linear inversion. The GA approach allows a very high degree of control to
be placed in the hands of the user (i.e. us) and a GA effectively allows us to specify the
number of generations (10,000; significantly more than the examples presented in Chapter 3)
over which the solution will evolve over; the final solution being that which best optimises

equation (4.32). Also, the GA method we use implements a genetic precedence operator
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4.3. RESULTS
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Figure 4.18: Comparative results for the RIT and a standard inversion when using both
standard (upper plots) and perturbed (lower plots) emissivities. Recovered functions from
the RIT (solid lines) and a standard Tichonov regularisation (dot-dash lines) are plotted
against the test model; in this case model 1, the continuous test model. The values of Ao

can be obtained from Table 4.4.

4.2. RATIO INVERSION SOLUTIONS FOR DEM FUNCTIONS

Performing an operation described in ?? we re-index from! =1,... ,mandg=1,...,ptox =

1

..,mp so that equation (4.25) may be recast in a standard matrix form, where the An,,
AT, terms are combined to form a measure of the redimensioned space, namely A(N, ® T)

and absorbed into the redimensioned form of K'(n.,T.). Therefore equation (4.25) becomes:

mn
Rijiy= UK}, (4.26)
k=1

Where U is the 1 dimensional transform of the 2 dimensional function p. This has an

analytical solution of the form (cf. equations (4.16) and (4.20))

U =K' ()5, TH))- (427)

Again K s equivalent, but not equal to that of equation (4.16). Also, the comments

above on the uniqueness of inverse operators in the ¢ problem apply equally to the bivariate

problem.

4.2 Ratio inversion solutions for DEM functions

The relationships discussed in the previous sections have alluded to a ‘clean’ relationship
between line ratios and distributions of the fundamental plasma quantities (i.e. the DEM
functions). In the following discussion we will show that these relationships can be taken one
step further using a new, hybrid algorithm to obtain the discretised DEM functions using a
line ratio-like inversion method. Such an approach has several advantages over either of the
two methods previously discussed. The principal disadvantages of both approaches are, as

discussed above:

1. Using the individual line ratio approach on its own is not enough to obtain meaningful

reliable distributions of the plasma diagnostic quantities.

2. The full solution of the ill-posed inverse problem to obtain the DEM functions is very
much influenced by theoretical uncertainties in the atomic factors used to formulate the

problem and not only observational errors.

It is important to stress that the only standard inversion carried out that considered such
theoretical uncertainties was Judge et al. (1997). Also, the systematic nature of these uncer-
tainties require that a method like the RIT is needed.

The difficulty with ‘fusing’ these two concepts to produce a hybrid algorithm is of a

purely conceptual nature. Standard practice when solving an inverse problem is, as discussed
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4.4. APPLICATION OF THE RIT TO SERTS-89 DATA
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Figure 4.21: Differential Emission Measure functions for an averaged solar active region using
EUV line intensities observed by SERTS-89. Top: (from Landi & Landini 1997) The DEM
function recovered from the inversion shows a triple peaked form between 6 < log,, T, < 7
calculated for log;y . = 10. This is in contrast to that derived from the same data (bottom)
by Lanzafame et al. (1998) which shows only a single peak in the same temperature range.
The lower plot shows DEMs recovered for line emissivities calculated for a series of uniform

electron densities to see if a similar multiple peaked function could be achieved.

4.1. RELATION BETWEEN LINE RATIO AND EMISSION MEASURE ANALYSES

et al. 1987; Griffiths & Jordan 1998) or determining whether the data are compatible with an
atmosphere at constant pressure (see Craig & Brown 1976; Judge et al. 1997). Formulation
of the relationship between these functions and the ‘mean’ observed quantities is therefore of

benefit to the solar physics community.

4.1.1 Relationship between £(7,) and (T,)

Consider an optically thin emission line labelled i for which K;(n.,T,) is a weak function of
density, such as a resonance line. K;(ne,T,) can then be replaced by K;(T,) (as discussed in
the previous chapter). So, we have the spectral line intensity (in the appropriate units)

I = . Nﬁ.ﬁ.‘av mﬁﬂavaﬁw. Tm.d
For two such lines 4, j, the ratio of the two line intensities is

_ L _ Jp Ki(T)&(Te) dT.
= T LK@yt (4.8)

and if the emission coefficients are different, then the ratio depends on 7,. If the plasma is
homogeneous in temperature, i.e. isothermal, we can express the ¢(7,) as a Dirac delta func-
tion &(T,) = & 0(Te — (T.)) such that, on substituting this expression into to equation (4.8)

and integrating over the whole temperature domain, we have

QR
Rij = K, ((T2) 9

which is trivially reduced (on dividing throughout by &y) to express R;; in terms of the ‘mean’

spectroscopic temperature, (T,);;. So again, for our particular line pair (,7) we have

Ki((Te) _ o iy
Rij = g = Si((Te)ij) (4.10)

where Sj;(Te) = Mw AWU is assumed to be a monotonic, bijective (invertible) function which
has a unique inverse on the temperature domain considered when we restrict our study to
resonance lines, i.e. different 7, and no dependence on n,, only (see, e.g., figure 2.9). For
these conditions the relationship is almost always satisfied. Therefore, on inspection, the

relation between (T);; and the observed line ratios R;; is given by
(Te)ij = S5 (Ryj).- (4.11)

To formulate an expression for (1) in terms of the ‘mean’ spectroscopic temperatures we

must return to equation (4.7). On dividing through equation (4.7) by any other line intensity
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4.5. DISCUSSION
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Figure 4.23: The global results of the RIT operating on SERTS-89 data with a second
order smoothing functional. The upper plot indicates that the solution minimising vector
v = (A, D? x?) is obtained for a smoothing parameter Aopt 0f 0.005 and with an associated
X2 of 7.135. The lower plots shows this optimal solution (left) and the recovery of the
observed line ratios (Rgps and Ry are given by x and o respectively) with their associated
observational errors (right). The solution shown clearly agrees with the single peak DEM in

the 6 < logo T, < 7 region.

momentum and energy. Thus, since early in the era of space-borne spectroscopy, we have
faced the task of inferring plasma electron densities, 7, and temperatures, T, for hot solar
and other astrophysical plasmas from optically thin emission line spectra (e.g., Gabriel &
Jordan 1969; Munro et al. 1971; Gabriel & Jordan 1971; Dere & Mason 1981; Doschek 1987;
Mason & Monsignori-Fossi 1994).

A fundamental property of hot solar plasmas is their basic inhomogeneity. This is obvious
from direct images of the Sun’s corona and transition region which show a wealth of fine scale
structure down to the observable limits of resolution (e.g., see the recent book on the solar
corona by Golub & Pasachoff 1997). It is confirmed by less direct spectroscopic work which
reveals differing values of n,, T, for different line ratios (see, e.g., discussions in Doschek 1984
and Doschek 1987). Strong inhomogeneity is expected also from physical considerations (a
particularly interesting perspective, addressing why the plasmas do not appear to be even
more inhomogeneous than already observed, is given by Litwin & Rosner (1993)).

The emergent intensities of spectral lines at each ‘point’ in 2D images of optically thin
plasmas are determined by integrals along the line of sight (i.e. the third dimension) through
plasmas. There are two common approaches to inferring plasma properties from observed
spectral line intensities. Consider the case in which a characteristic temperature of the
electrons in the plasma is desired. The simplest approach, the ‘line ratio’ or ‘spectroscopic
mean’ method, involves finding the single value of the electron temperature from a theoretical
calculation of the ratio of carefully selected emission lines, that is in agreement with that single
observed ratio. A “spectroscopic mean value” of the temperature (7,) is derived for each line
pair. If the plasma were truly isothermal, then the derived spectroscopic mean values for
all line pairs would coincide with the actual plasma temperature, to within observational
and theoretical errors. This approach was applied as early as 1941 to planetary nebulae by
Menzel et al. (1941), and is reviewed by Gabriel & Jordan (1969) and Mason & Monsignori-
Fossi (1994), see also Section 2.2.2.1. The other method is to recast the above mentioned line
integrals into suitable form for ‘inversion’, in which one solves for a function, £(T,), which is a
source term that describes the emissivity distribution of material as a function of temperature
along the line of sight. ¢(T,) is called the ‘Differential Emission Measure’ (DEM) function,
see Section 2.1.1.2. This gives a general characterisation of the distribution of the plasma
with respect to temperature.

The integral equation formalism for temperature sensitive lines was first discussed by

Pottasch (1964) and put on a rigorous mathematical basis for arbitrary geometry by Craig &
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Chapter 5

Re-conditioning DEM inverse

problems

This Chapter

In an inverse problem of any kind poor conditioning of the inverse operator decreases the nu-
merical stability of any non-regularised solution in the presence of data noise. This chapter will
show that, using a heuristic approach, we can improve the conditioning of the differential emis-
sion measure (DEM) inverse problems considerably by judicious choice of the integral operator
and that there is indeed a set of solar UV/EUV emission lines that drastically increases the
chance of obtaining unique electron density and temperature distributions of the emitting region
of the solar atmosphere. This is essentially a way of formalising the choice of emission lines,
and making a reproducible set of choices, instead of making the subjective line choices made in

earlier work.

The material presented in Chapters 2 and 4 has shown that the choice of emission lines
is critical to form accurate diagnostics of the solar plasma. The particular characteristics
of different emission lines (or ratios thereof) will yield different information about the emit-
ting plasma volume. Indeed, since the dawn of space-borne solar UV/EUV spectroscopy
the emission lines observed display a qualitative physical dependence on the feature being
observed. Today we want to obtain reliable! diagnostics of the outer solar atmosphere. Such

diagnostics take the form of distributions of plasma characteristics (n., Te, etc) such as the

'Reliable in the sense that we require the solution to be as unambiguous as possible; if there is a feature
in the recovered diagnostic distribution (e.g, gradient, curvature or discontinuity) we require that this is not

an artifact of the numerical processing.

3.3. ANALYSIS OF A QUIET SUN SUMER SPECTRUM

Unconstrained Wavelengths
0

L KBr Counts ——— |
Ga-GA fit to KBr countss———< |

Constrained Wavelengths
—

“_.m T T T T T T T T
r KBr counts —— |4
Ga—GA fit to KBr counts ——
[ Ga-GA fit (& order linesyo—— ||
L Ga-GA fit (2% order lines)e—es—s ||
1.0~ -
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Figure 3.9: Comparison between Ga-GA decomposition and the analytic decomposition of
the SUMER spectrum in figure 3.8. The top panel shows the decomposition from the Ga-GA
algorithm using only the KBr data from the top panel of figure 3.8. The bottom panel shows
the decomposition from a single run of Ga-GA using constrained wavelengths in the fitness

calculation. See Table 3.4 for the details of the runs with constrained wavelengths.
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behaviour of all the line emissivities in this chapter can be categorised as belonging to one
or the other of these two classes. In this non-LTE plasma regime the electrons are assumed
to belong to a Maxwell-Boltzmann distribution and populate the ground level preferentially.
Such simplifications mean that C;; is treated strictly a function of Te. Indeed, at this point

we can categorically state that :

- The assumption of a Maxwellian electron distribution ensures that Kj(n.,T.) will be ap-
proximately Gaussian in the 7, domain or, more exactly, peaked around the temperature
of maximum formation of the ionic stage to which that transition belongs with a full width

at half maximum of 0.3 in log;, T¢ (see, e.g., Jordan 1969).

- All lines will emit irrespective of the electron density of the plasma. Therefore K;(ne,T.)
will cover the entire 7,(10% - 102 e¢m™3) domain of the upper solar atmosphere, but their

functional behaviour will depend critically on the transition from which they arise.

For the cases considered in this chapter we will consider only univariate emissivities,
Kj(s¢). The physical reasons directly above ensure that a finite amount of ‘overlap’, and
hence linear dependence in the kernel matrices will occur; we will never obtain a DEM kernel
matrix with Cx ~ 1. We might presume, at this point, that the ‘best’ kernel matrices have
rows which, when summed, cover the s, domain uniformly. Conversely, we would expect the
‘poorest’ kernel matrices, those with the highest condition numbers, to contain rows which,
when summed, cover little of the s, space and are highly non-uniform in appearance. We
will return to the discussion of these properties in due course.

The emissivities used in this chapter (as in the previous one) belong to strong transitions
in the wavelength range 150 — 1610 A for ions of various iso-electronic sequences from various
atoms including : Carbon (I - IV), Iron (XII - XV), Magnesium (VI - X), Neon (VI -
VIII), Nitrogen (II - V), Oxygen (II - VI) and Silicon (III - XII). The precise details of the
iso-electronic transitions used are given in Table 5.1 and there are 133 lines in total.

We will perform this analysis by considering the variation of kernel condition number
Ck (of Section 2.1) with different choices of lines. The calculations presented here were
made using a variation on the GA heuristic search algorithm presented in Chapter 3 called
SELECTOR. The power of this idea arises from the fact that, in the DEM inverse problems,
we can arrange the kernel matrix K in any way we choose, provided that we have observed
the relevant lines in the spectrum.

We discuss the basic mechanism of the SELECTOR GA in Section 5.1 with details of trials

3.2. RESULTS

Table 3.3: Results from Section 3.2.3 for a target (P(T)) with fixed background level and
5% normally distributed random noise. Again, Ga-GA results and CPU times (T¢pr) are the

mean of an ensemble of ten runs. CPU times are normalised to that of a CURVEFIT run.

P Pp  AMOEBA CURVEFIT Ga-GA
X 10.00 9.810 9.172 10.131 +0.017
Ay 90.00 82.404 88.062 90.926 + 0.529
Wi 6.000 6.020 5.980 6.045 £ 0.056
X, 50.00 49.100 49.160 50.101 £ 0.001
Ay 70.00 60.001 63.526 68.474 £ 0.121
Wa 3.000 3.312 3.238 3.059 £ 0.009
X3 80.00 80.103 79.469 80.429 + 0.001
A 40.00 41.261 37.544 38.340 £ 0.077
Wi 4.000 4.121 4.303 4.357 £0.015
a 30.00 31.180 31.740 29.243 £+ 0.964
b 0.500 0.501 0.486 0.554 £ 0.037
4 0.002 0.002 0.002 0.002 £ 0.000

Teru 80.134 1.000 75.321

E(z) 2.000 0.8600 0.8664
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®

5.1. SPECIFICS OF SELECTOR

ROR method consists of ranking the ordinal vector e in decreasing order (so that e,11 < e;)

prior to applying the ordinal algorithm (#*). So, under this scheme the ordinal vector
e=(4,5,1,29,26,11,31,8,22,5)

now decodes into
E = (31,29,26,22,11,8,5,6,4,1) .

Clearly, if e does not contain duplicate entries then E = e (with e ranked). If however entry
en = ep41 for some n (< N), then E, = e, and E,41 = e, + 1 such that the symbolic

algorithm given above becomes :
don=1N
E, :=min(X —n+1,8S.,)
Sk = Sk+1, k=n,.,.X—-n—1
enddo

This actually introduces a slight bias toward high values of E,, but for relatively small
population sizes (N, < 100, say) it remains statistically insignificant as compared to the
realisation noise (oc /\ﬁv Thus ROR will ensure, for small population sizes, that the line
lists constructed throughout the fixed generation number run will have each selected line
represented only once.

The algorithmic steps of the SELECTOR GA are :

1. Using the ROR technique, choose N lines randomly for each member of the population

assuring that each line appears only once.
2. Calculate Ck for each member of the population using either

(a) the condition number estimate of Cline et al. (1979) (see discussion in Appendix B.1
and Golub & Van Loan 1989).

g,
Tmin

(b) a full singular value decomposition (SVD) of the matrix to calculate Cx =
3. Rank the population according the condition number.

4. Perform breeding in the population using the cross-over and mutation operators (see Chap-

ter 3).

3.2. RESULTS

as case 3 of Section 3.2.1 ([10305 22601 26403 43703 55605]) to which we now add 15%
‘random’ noise. The noise is set to be normally distributed about the data with an r.m.s.
amplitude of 15%, s0 0gqtq(z) = 0.15C(z) in equation (3.3).

The results of the calculations for each algorithm! are shown in Table 3.2 where Ga-
GA achieves the lowest E(z) (1.889), by a factor of six from CURVEFIT (12.961) and by
a factor of about ten from AMOEBA (18.626). It must be noted that all produce ‘good’
parameterisations of the spectrum given the severe noise present, but bear in mind that the
latter two algorithms are practically given the target parameters as a startpoint, and are
hence heavily influenced by the user. This is definitely not the case with Ga-GA. CURVEFIT
and AMOEBA also exhibit another behavioural pattern not observed with Ga-GA; they will
occasionally become ‘stuck’ at points in the solution space where hope of convergence to the
target is lost?. This does not happen in every run, but indicates to the user that a single run
using either method is not enough to guarantee a reliable parameterisation.

Figure 3.6 shows the results of Ga-GA (), CURVEFIT (+) and AMOEBA ({) oper-
ating on the fifteen parameter, five Gaussian target. The profile shown for Ga-GA, as in
Section 3.2.1, is the ‘fittest’ phenotype from the ten different runs. It is clear from the results
in Table 3.2, and the plots in figure 3.6 that the sharp features of Gaussian two (at a possible
limit of resolution) present CURVEFIT and AMOEBA with a very awkward test. Indeed,
by inspection of the errors quoted in Table 3.2 it is possible to see the feature(s) that Ga-GA

finds most awkward to ‘identify’, these are the amplitudes Ay, A3 and A4.

3.2.3 Application to a target with a background level

We now consider the case where the target has a considerable background level. A GA
approach makes inclusion of such a background, or continuum, extremely simple. To show
this, consider a parameterisation of the background by addition of a quadratic of order n, an
example for n = 2 is given in equation (3.4). As an example, consider a new three Gaussian
configuration [10906 50703 80404 ] with 5 % noise (0gqse (2) = 0-05C(xz)) and background;

the alteration to the fitness evaluation routine is minimal. We add the quadratic form to the

It should be noted that CURVEFIT and AMOEBA were initialised with a guess of each parameter that
is within %2 the target parameter value.

2The interested reader is directed to Charbonneau & Knapp (1996) for a discussion of this effect.
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5.2. OPTIMISING THE ¢(Tg) INVERSE PROBLEM
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Figure 5.2: The singular value (o,) distribution of the matrix constructed from all 133
emissivities considered in this problem for both, ((n.) and &(T¢) inverse problems with a
30 point discretisation. Using the condition number estimate employed by SELECTOR we

obtain values of log;q Cx = 18 and 12 for density and temperature kernels respectively.

3.2. RESULTS

complex case 3, resulting in F(z) = 1.984x 10~ of the fittest genotype after 1200 generations.
For these test cases final values of E(z), if we doubled the number of generations, will be
limited by numerical precision and would possibly attain no better values than those given
and it must be emphasised that these results are for one particular run of Ga-GA from the
ensemble of 10 runs.

We show, in figure 3.5, the decrease in E(z) with generation number for the full ensemble
of runs (indicating the mean E(z) (solid line), extrema (dashed line) and median (dotted
line) for each generation step) for each of the test cases above. These plots demonstrate the
power of Genetic Algorithms as optimisation tools. The steplike structure is clearly visible
in all three plots, although to a much greater extent in the uppermost plot. Such steps occur
when Ga-GA suddenly obtains a new ‘fitter’ value for one (or more) parameter(s), the long flat
‘plateaus’ are points where the current ‘best’ in the population hasn’t changed or when the
population is largely degenerate, i.e. all the individuals have very similar genotypes. These
mutation jumps will occur because the mutation rate has been allowed to increase, and will
thus introduce new genetic material at a higher frequency.

Figure 3.5 also justifies our earlier claim that more complex targets (more parameters)

L B B L R B S
120 E(x) : 0.0002476 Model Configuration——— lm
r Generations :200 Genetic Model A 1
| Parameters : [ 50 100 20 ] 1
100 -
< 8o 7
8 F ]
m |- -
3 60— —
m | -
< L ]
40l -
ol S IS S S N

0 20 40 60 80 100

Channel Number (x)

Figure 3.2: Test run for Ga-GA, taken from the ensemble of ten runs, for the noiseless single

Gaussian target (solid line) of Case 1 and the profile modelled by Ga-GA (A).
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5.3. OPTIMISING THE ((Ng) INVERSE PROBLEM

belonging to the fittest individual at the end of the five thousandth generation. Of the 300,
5000 generation, runs of SELECTOR the value of C'x associated to the set of emission lines
provided by run 106 is less than those of the other runs, with log;, Cx = 4.2709. The data
from figures 5.5 and 5.6 is collated in Table 5.2, with all lines of figure 5.5 above the mean
selection frequency (72.1805) are given with the temperature at which K;(T.) peaks (T:m%%)
and if they belong to the set chosen in run number 106 then they are indicated by an asterisk

The results of the Monte Carlo sequence of runs show that, for the £(7%.) inverse problem,
an optimal set exists and that the inverse problem will be considerably better conditioned
than one using the “all-lines” approach. It is also demonstrated that the best kernels have
the greatest degree of uniform coverage of the temperature domain (see, e.g, figure 5.7).
This latter point ensures that DEM inversions performed using the optimised kernel will be
independent of the regularisation method used (see Chapter 2). To clarify this statement we
remember that regularisation smoothes discontinuous regions of the integration domain (i.e.
it will try to fill in gaps and leaps with smooth polynomial functions). If the whole domain
is uniformly sampled in the way we have discussed, regularisation will not be allowed to alias
the recovered DEM function, ¢(T).

Thus, to assess the validity of this GA analysis, we must perform an inversion for both
the optimal subset of 30 (those identified in run 106) and the full set of 133 emission lines
to compare the stability of the inverted solutions. These inversions are performed using a
regularisation ‘forward-backward’ method. This method involves computation of line inten-
sities (with appropriate errors, 15% in this test) for a given model £(7,) function. Then it
is a simple case of employing a Tichonov regularisation algorithm (described in Chapter 2.1)
with a range of smoothing parameters A (10° — 10%) to obtain a solution. Figure 5.8 clearly
shows that the inversion performed with the optimal subset of lines is significantly more sta-
ble numerically than that obtained when using the “all-lines” approach, especially over the

wide range of smoothing parameters used.

5.3 Optimising the ((n.) inverse problem
Although not commonly sought after in astrophysical observations, the differential emission
measure in electron density (cf. equation (5.9))

N
H \:F&«f m.E
C(ne) \ms [V e ( )

3.1. MOTIVATION AND METHOD

2. Select a subset of the fitter individuals, and breed them to produce a new population.
3. Evaluate the fitness of each individual in the new population.
4. Replace the old population with the new one

5. Check whether the fitness has reached some pre-defined tolerance, or the number of iter-

ations (or generations) has reached its maximum; if not return to step 2.

GAs carry out a form of forward modelling, by performing a heuristic search of the prob-
lem’s parameter space. What distinguishes a GA from other forward modelling methods (such
as Monte Carlo simulation) is primarily the way in which new trial solutions are constructed
from the current population of trial solutions (cf. step 2 above).

At the most basic level a GA can be viewed as a processor of a set of strings, each encoding
a particular version of the model being optimised. A subset of the fitter individuals of the
current population are selected and paired, and the defining strings of each such pair are
subjected to the action of two genetic operators: cross-over and mutation. The cross-over
operation involves dissection of the two parent strings at a randomly chosen point along
the string, followed by the interchange of the dissected components. In this way two new
strings are produced from two parent strings (see figure 3.1). The second operator, mutation,
involves the replacement of a few randomly selected digit in the two strings produced by
the cross-over operation with randomly generated digit values. Its primary purpose is to

maintain a suitable level of variation in the population, which is essential for selection to

operate. The combination of stochastic genetic operators with fitness-based selection yields a
powerful search algorithm that can move away from secondary extrema and locate the global
extremum in parameter space (see, e.g., Goldberg 1989; Davis 1991; Charbonneau 1995;

Mitchell 1996)

[ ] Parent1
Parent 2

Child 1
Child 2

Cross-Over Point

Figure 3.1: A pictorial explanation of the main GA breeding operator, cross-over.



orordde  sour-[[e,, o)

10§ (G 1T = 1 18o[) rey)y wey) Jomoy A[qeIopisuod ‘6Lz = ) °180[ Jo Joqumu uor)Ipuod
® paure)qo sey (YYS1 oY) U0 PaYRIIPUI) GO UNY SOSBIIOUI UNI Y[} JO IDUINU UOTIPUOD A}
se ssouyIep ul Sursesrour pue oyrym Surreadde (pojosd[es soUI] OY) JO 9INLIJIE UE) SISQUINT
TUOTHIPUOD SIMO] O} )M PIPOI INO[0d ST un yped pue doj 0) wi01)oq wiog paduanbos ore
suna o], ‘wdpqoad [eLIOYRUIqUIOD dT) JO dRdS Ay SHYSIYSIY A[snodue)nuis pue YO1I373S
JO SUNI O[aR)) DIUOIN ((E YY) JO Yoed JO Pud aY) e (98e)s UOIYRSIUOI/dTUIOJR I1dY) 0} Surpiodde
padnoi§) pasn sott] woIssImO ¢ET A1) Jo syasqns reurtydo o1y soyrymopt oMY ST, :9'¢ 9ISL,T

eE O N 'S N bn woly

AN
A X A 1A

n abpyg
S1U0|

060427

£0625°S

ZvSvy0'8

£195°0L

18L0°¢L

Y¥65°GL

o

80118l

l0g,qLy of 4.2709 at run 106

1L29°0Z

YerLee

Jaquuny uny

86G9°GC

inimum

M

19/1°82

Yy 0B

INATAOUd SUAANT (7N)) THL ONISINILJO “€'¢

ore vwise[d Surd[mopun o) jo sppow [eosAyd ‘suoryisoduwonop poserq Aqussod osoy) woI]
‘syj3uooarM AI0)RIOR] UMOUY, JO SUOIYISURI) DIWIO)e pue Jruol [yim sogoid our Ter}oads
PaAI9sqO o1 (A[oATIOR[NS) SUIRIDOSS® A POAdITDR A[[enSn ST SIYT, “juasdid o 0} pIAdI[o( SaUT]
Jo serredord emseswr pue AJTIULpI 09 ST eI1)00ds oUI WOISSTUIL JO stsATeue o) ut dogs 1817 ¥

"(G66T T8 99 WOSMTRH ‘GH6T 'T¥ 0 WRUIA) OHOS PIROquo sjuoumaysut (§)D) 1939uro13oadg
o1psouder( [RUOI0D) pue ‘(YHNS) UOTIRIPRY PIITWS] JO JUIWDINSROY JO[OIARI}[[) IR[OS O}
woIj o) ©I1109ds 9591} Jo Ajrtofenr o1, *e1)d0ds UOISSIUID (A NF) I1O[OTARII[N OUWIDIJXD pUR
(AN) teporseayn wornosox renoods ysug Jo (55 ‘2661 T 10 pa1g) uonejerdjur pue
(1661 Te 90 SutureT {1661 e 10 A[00G) UOIYRIYISSRD AT} UI Jsoroul pomouat sey ‘T mwidey)

UT PassnosIp ajI[[ajes ﬁomomv %HOuﬁ\wMOnﬁ—o Uﬁhvﬁgwozam pue Ie[OS 9Y3 JO T[POUNR[ YT,

asn ur fpuowuos swypsoby worsoduodap uvy) ‘UoLN0sIL juIWnLsUL fo
pyy dy3 4o fipporoadsa 9)quys pup FDINIID ILOUL YINUL UOLPSOAUL0DIP FE) Y} IYDUL SJUIDLISUOD
asay [ pop 2y} 03 payddp 2q uvd $HUILISU0D 1101ad D PrbLL YoLYM ypm 25DI YY) §1 INDIUYII
s1y3 fo aungvaf quniiodwy uy -piop fisrou 4o pajdwvs fijiood ypm paovf uaym s Yy swajqoid
21pwiasfhis 40 §p1q 4asn Y1 Jo 2uou §20uddT anbrUYII) PasDq ) 1y} DY) moys am ‘up)norind
ur  (poypow swyy Jo suorsualra fipudus auv s4a3dvys 423p) UL papuIsaLd suouvarddo Yo Y1)
DU30ads duy) pagvpnuirs pup vad fo sisfippun oy 03 Y5 ajduirs v fiyddp am buipod puv woviado 412y}
papsuowap of, (yH) wypiobyy 2130uan) ayp fs159y) swyp fo suapdvys buimopof ayy uy fipparsua)ra

pasn poypow (uoysiunydo) dusoubvip v 3o yoo0] 0 dags-apis fariq v ypy am updvyd sy uf

1eyder) ST,

Sul[[epow pIemuioj

2130u93 Aq uoryisodwodop [e13dadg

¢ 1eydey)



5.3. OPTIMISING THE ((Ng) INVERSE PROBLEM 2.2. ATOMIC PHYSICS

to make the transitions. Performing such experiments at low energies makes the system

susceptible to external (electric and magnetic) effects.

4. The lifetimes of some of the atomic levels are too short to allow measurement (at all, in

some cases) of the rate coefficients.

5. The production and containment of extremely highly ionized species (e.g., those more than

three times ionised found in regions of the solar corona) in a laboratory plasma is difficult.

Together, these facts mean that there are very few measurements of atom-electron cross-

T, Distribution of Optimal Set

-sections available from laboratory experiments. Indeed, most are determined purely from

5
4 theoretical work, see the volume edited by Brown & Lang (1988).
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Figure 5.7: The upper plot shows the distribution of emissivity maxima for the lines in
Table 5.3. The lower plot shows the normalised summed emissivities A_m.mc‘mﬁ.v/ﬁﬂwvv. These

emission lines all belong to the optimal subset of run 106.
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5.3. OPTIMISING THE ((Ng) INVERSE PROBLEM

One main exception to these rules exists. For lines excited from low-lying metastable levels
their emissivities will vary as nd (0 < § < 1) as the population of the metastable level
becomes comparable to that of the ground level, eventually attaining a Boltzmann where the

emissivity will become constant. Figure 5.9 shows the functional behaviour of the two lines

of N IV discussed previously (765.147, 1486.496 A) with n,.

[ NV :N= 765147 —— |]
r NIV:A = 148649 —---—-- 7
T L i
[}
w,a\ =
& L i
g i 1
[6) = 4
o 10+ -
o L |
w I |
= L |
0 5F 8
5 o = — i
Ow,,,,,,,,,,,,,,,,,,,,,,,,,,/,, ,,,,,w
8 9 10 12
logyp ne [K]

Figure 5.9: The emissivities of a resonance line (solid line) and intersystem line (dashed

line) as functions of electron density only. These are for lines of N IV (wavelengths

765.147, 1486.496 »3 calculated for an assumed isothermal plasma of T}, = 10° K.

Where, in the {(T.) problem, the emissivities were roughly Gaussian functions of temper-
ature and we could easily justify the choice of lines, e.g., by the kernel ‘evolving’ towards the

identity matrix. We now have relatively featureless emissivities. The only real feature they

display are gradients of order dnS~! at particular points in the n, domain. Considering this,

even though the emissivities have gradients at specific densities they will essentially be scalar
multiples of one another in the ‘flat’ regions. This confirms that there will be a high degree
of linear dependence when (or if) these lines are selected to be in the kernel matrix together.

The degree to which the condition number depends on linear dependence in the kernel

matrices presents a new problem. The matrices become increasingly singular and can have

a number of zero singular values. This is a situation best avoided and requires that we

2.2. ATOMIC PHYSICS
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Figure 2.10: Schematic atomic ion containing just three bound levels (cf. figure 2.6). In this

model we consider the additional effect when level 3 is metastable.

more recently, Judge et al. (1997), have shown that such estimates are highly ambiguous.
The following is a description of some of the basic principles used to obtain such an estimate.
The treatment above has dealt solely with resonance lines and we have shown that the ratio
of their line strengths is solely dependent on temperature. However, for an intersystem or
forbidden line the upper level of the transition is a metastable (rn) long-lived (A & Chpi)
level where the population is comparable to that of the ground level. Therefore atoms with
metastable levels provide a good source of density diagnostics since the populations of the
other levels in the atom are affected in a delicate balance by their presence.

So, considering figure 2.10 where we have a simple atom with level 3 a long-lived metastable

level and looking at the ratio between transitions from levels 1 to 2 (a resonance line) and

levels 1 and 3 (an intersystem line), we have

Sm\me = SNSHQE and

(2.78)
n3 (As1 +n.C23) = neniCrs (2.79)
We then have for the ratio
m|@.@.0+§|§v, (2.80)
Py Ci3 Bz Ay
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5.3. OPTIMISING THE ((Ng) INVERSE PROBLEM

Table 5.4: Details of the emission lines selected most at the end of the 300 Monte Carlo 5000
generation runs of SELECTOR. The emission lines included here are those with selection
frequencies 25% greater than the mean of 104.436 counts. The lines indicated by an asterisk

(%) are those belonging to run 285, the set having the minimum value of log;, C% = 9.2116.

Also given are the ions to which the line belongs, wavelengths A (A), 7E:|L (= |K'|) and

dne
the value of n}, the value where the emissivity gradient is greatest. Values n} of 8.8 or 11.2
indicate that maximum occurs between that value and the appropriate limit of the density

domain (8 <logyn. < 12).

Ton A(A)  Count |K'| logon: Ton A(A)  Count |K'| logon*
CT 133566 141 0.1 8.8 CIV 312420 138 4.0 88 %
Mg VI 1190.07 150 0.0 Mg VIT  431.188 138 51 102
Mg VIIT 436.671 153 19  11.2 Mg VIIT 782.913 148 23 105
Mg VIIT 789.964 136 85  11.2 Mg VIIT 772.749 141 40  11.2
Mg VIII 355998 143 83  11.2 Mg VIIT 352460 138 2.9  11.2
Mg IX 448.293 138 80  11.2 MgIX 439.176 138 93  11.2
MgX  609.793 140 6.2 9.4 Ne VI 454072 162 1.7 11.2
NeVI 562711 135 0.0 % | NeVI 100609 142 0.0

Ne VII  895.175 143 6.8 11.2 * | Ne VII  465.220 150 2.6 11.2 *

Ne VII  887.279 136 9.1 8.8 * | Ne VIIT  770.408 135 3.5 11.2
Si TIT 1206.49 142 1.9 8.8 * Si IIT 1296.72 142 0.0

Si III 1298.94 155 0.1 8.8 * Si IX 950.082 139 1.1 11.2
Si IX 692.731 135 6.5 11.2 Si IX 674.650 136 2.8 11.2
Si IX 344.951 141 4.2 11.1 * Si X 611.658 139 15 11.2
Si X 624.729 139 2.2 11.2 Si X 649.268 142 34 11.2
N III 771.544 136 0.7 9.6 * N III 991.502 153 6.5 10.1

NV 1238.82 161 26.6 10.6 O1II 539.085 143 0.0

O III 833.715 139 785 10.9 O I 1666.14 145  49.4 10.5
o1V 1397.23 144 3.7 10.1 o1V 625.127 142 13.6 11.1
o1V 624.618 146 6.8 11.1 o1V 1399.78 147  15.8 11.2

ov 761.128 141 0.9 11.2 ov 760.227 148 0.8 11.2

ov 760.446 149 3.9 11.2 ov 758.676 141 1.3 11.2

ov 759.441 144 1.0 11.2 oV 629.732 153 25.1 11.2

ov 1213.80 154 0.0 ov 1218.34 136 3.0 10.3 *
O VI 150.089 141 5.0 11.2 O VI 1031.91 151 0.0

2.2. ATOMIC PHYSICS

We are now in a position to define the differential emission measure in n., ((n.), as the
reciprocal density gradient weighted mean square electron density and, correspondingly the
differential emission measure in T, £(T), as the reciprocal temperature gradient weighted
mean square electron density. These more intuitive functions (in terms of diagnostics at least)

are obtained from equation (2.67) as follows:

((ne) = (e, T.)dT, cm ™2 (2.69)
Te

61 = [ wtne, Tdn, em® K- (2.70)

Ne
Thus, in terms of physical interpretation of a set of frequency integrated line intensities [
alone, the differential emission measures in 1, and T, form the spectroscopic basis for further

interpretation of the raw data.

2.2.2 Plasma diagnostics

In the previous section we saw how to classify the majority of spectral lines observed in the
upper solar atmosphere. In this section we present a double-edged description of obtaining
useful diagnostics of the emitting plasma; obtaining electron temperatures and densities.
The first definition is a purely heuristic, giving pictorial evidence to suggest that specific
diagnostics occur in each of the iso-electronic sequences mentioned above whereas, the second
is a much more mathematical description of obtaining a ‘good’ diagnostic and will be of

considerable use in later chapters.

2.2.2.1 Electron temperature determination

It is important when attempting to infer the electron temperature (7i) to remember that
the plasma being observed is inhomogeneous and non-isothermal. Therefore, as is suggested
by the integral above, the contribution to a particular line intensity comes form a wide
range of densities and temperatures. The method described here will not directly allow the
diagnosis of the true inhomogeneity of the plasma present, say in a solar flare where it is very
possible that most, if not all, ionisation stages are emitting in a very small volume of plasma.
However, this treatment will allow us to make an quantitative estimate of the ‘mean’ electron
temperature of the plasma.

Several authors (Gabriel & Jordan 1969; Munro et al. 1971; Gabriel & Jordan 1971;
Dere & Mason 1981; Doschek 1987; Mason & Monsignori-Fossi 1994) have developed and

been actively using a technique involving two optically thin resonance lines with significantly
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5.4. DISCUSSION

on the error estimate. This means that the outlook is bleak as these inferred solutions are
possibly the best we can recover from this data. These numerical problems still occur even
when using the optimal set of lines. Hence the reason why many density diagnostics are

acquired using the line-ratio method mentioned in Chapters 2 and 4 and not using (n.).

5.4 Discussion

For the trials shown we have established that, for the set of emission lines in the SOHO
CDS/SUMER wavelength range, there are subsets which minimised the conditioning prob-
lems associated with the inference of plasma characteristic distributions &(7,) and ((ne).
Also, these subsets of emission lines which, when used to infer the emitting plasma structure

will yield results of a less ambiguous nature.

2.2. ATOMIC PHYSICS

- - - - - Radation

Colisions

L]

Figure 2.6: Schematic atomic ion containing just three bound levels. In this model, as
indicated above, only spontaneous radiative decays and collisions of the atom with electrons

are considered.
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the methods are precisely equivalent.

It was soon clear that the main benefits of the line ratio like approach coupled with
the full mathematical rigour of solving the Fredholm integral equation would give a means
of avoiding the systematic errors in the atomic calculations detailed in Section 2.2.3 and
obtaining meaningful characteristic distributions. This alone is a great advance since the
effect of the line ratio method on these irregularities circumvents the instability imposed on
the inferred solution of the direct integral inversion (Judge et al. 1997). Section 4.2 sees the
introduction of the Ratio Inversion Technique (RIT) and in Section 4.2.2 we have discussed,

in detail, how this GA based routine solves the highly non-linear optimisation problem
Xm = kmc.ma?f aninv + V,OA,\,AMLV

with respect to a “smooth” solution f(s.) (occurring in the calculation for Reqy, the line
ratios generated to match the observed ratios R,ps). We have shown in the sections following
Section 4.2.2 that the RIT provides a solution of unprecedented stability in the recovery
of the univariate plasma DEM functions £(7,) and ((n.) compared to a standard inversion
algorithm (cf. the GUIPS routines of Section 2.1). The value of this result is most strongly
emphasised when considering the realistic estimates of uncertainties in the line emissivities
as large as (~ 100%). It is clear then that if the solution is stable to errors in the atomic
calculations used, as well as being numerically stable, that we can place greater store in the
resulting analysis of those DEM functions to form atmospheric models and the like from the
UV/EUV line spectra.

It is all well and good to test the RIT in the ideal conditions described in Chapter 4.
However, Section 4.4 places a new obstacle to test the ‘initiative’ of the RIT. Here we present
results of the RIT operating on spectra obtained by the SERTS-89 rocket. The wavelength
coverage of the SERTS spectra is 170 — 450 A and this particular active region spectrum
has been studied in detail by Thomas & Neupert (1994) and more recently by Lanzafame
et al. (1998). We demonstrated that the RIT uncovers features in the various (7,) functions
not observed in these previous studies and that our proposed methods of scaling, smoothing
and choice of the optimal smoothing parameter are accurate. These results highlight the
basic inherent problem mentioned above, the need for a uniform approach (same data - same
DEM) to these inverse problems like that discussed in Harrison & Thompson (1991). Also
highlighted is the basic ill-posedness of the DEM inverse problems: many forms of solution fit

the data and we must acknowledge now that we cannot discount any. Indeed, it may well be

2.2. ATOMIC PHYSICS

2.2 Atomic Physics

The principle aim of solar spectroscopy is to determine the characteristics of, and conditions
within, the emitting plasma volume. However to understand the momentum and energy
balance of the plasma we must determine the physical properties of the plasma from the data
(e.g. the chemical abundance of the elements, the density, temperature, velocities and size of
the emitting features). This requires adequate knowledge of the spectral formation process
(i.e. we need a model to calculate the kernels discussed above). It is therefore necessary to
combine the results of atomic physics with the study of analogous spectra in the laboratory
(where we have ‘full’ control over the likely physical conditions) and then draw analogy to
the physical conditions of the solar atmosphere through the knowledge acquired.

This section will explain the principle of spectral line formation in the distinctive regions
of the solar atmosphere discussed previously in a heuristic® manner. Indeed such regions,
particularly in the upper atmosphere (above the photosphere), depart significantly from lo-
cal thermal equilibrium (LTE) and are known therefore as non-LTE plasmas. The ‘coronal’
regime in which we will work specifies that we will consider electrons as the only particles
capable of collisionally exciting atoms to emit radiation. Such collisions are the dominant pro-
cesses for populating the atomic levels for allowed (electric dipole), intersystem and forbidden
transitions to be defined in due course.

Before we consider the formation of Ultraviolet (UV), extreme-UV (EUV) emission spec-
tra and obtaining plasma diagnostics of the upper solar atmosphere we have to make our
assumptions about the solar plasma clear to avoid ambiguity. The model of the upper solar
atmosphere used throughout this thesis (cf. the temperature, density and pressure models
presented of the previous chapter) is principally to make the calculation of atomic factors as

simple as possible. Therefore we require that :

1. The plasma is optically thin.

2. Atomic hydrogen, the major constituent, must be fully ionised.
3. The electron distribution is Maxwellian in nature.

4. The abundances of the elements in the gas are constant.

8Heuristic in the sense that we will not worry about the physical processes behind the rate coefficients in

the atomic rate equations for the time being, but will leave that for later discussion, see Chapter 6.
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6.1. FUTURE WORK

will also help locate particular regions of n, and T, (through &(T,) and ((n.)) where heating

events are occurring and when.

2.1. INVERSE PROBLEMS

or by direct analogy to equation (2.41)
N o
m. — J . . 2.45
M Qw. 9P| Vi (245)

where we have replaced the need to truncate with a trade-off parameter, A.

Although the solution returned may be a composite of infinitely many of these null-space
functions, we must “choose” carefully the value of A, or where we want to truncate our
solution, using any a priori constraints we have decided to impose on the problem at hand.

These a priori constraints only allow us to select an ‘unique’ solution.

2.1.3.3 Maximum Entropy

Maximum Entropy is one of the most commonly used techniques for stabilizing the solution
of inverse problems. The approach is similar to that of Quadratic Regularisation, i.e. we seek

the solution f that minimises

2

>\ ~<
:%: M Qs.l M W&. \w. +>05 AN.»S
f = =1

where the smoothing functional now takes the non-linear form

2 >

o)=Y Ji = mi = filog(25) Ea
i=1

and m; is some ‘prior estimate’ of f towards which the function will be smoothed, commonly

assumed to be flat (Twomey 1963). The a priori information used in a typical Maximum

Entropy recovery is that each element of the solution is independent of any other element

and so the ‘smoothing’ is applied to the solution in a global manner.

Although there are many analogies to Quadratic Regularisation when considering a Max-
imum Entropy technique, one advantage of using Maximum Entropy is that it allows an
additional a priori constraint to be implied automatically, viz. ME will impose positivity.
We have seen previously that positivity is very useful in many physical situations. Further
analysis of the Maximum Entropy technique is beyond the scope of this discussion, because
of the non-linearity of the smoothing operator. The ME algorithm used in the calculations
of the example below and future chapters (unless otherwise stated) simply implements the

GUIPS® package of routines.

SGUIPS is the acronym given to the Glasgow University Inverse Problem Software, a collection of routines

to find solutions to ill-posed inverse problems. The routines were written by Dr. A. M. Thompson
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A

.1. THE GAUSSIAN FITTING GENETIC ALGORITHM (GA-GA) CODE

stop’ *** Execution of GaGA stopped *xx °’

end if

Read in the observed data points and their errors

read(iodata,*) (data(i),sigma(i),i=1,n_data)

data_max =

1.0e10

do i=1, n_data

data_ma:
end do

sigma_min

Close file

X

= max(data_max,data(i))

0.01 ! in pixel units

close(iodata)

return
end

c Use:

subroutine init_files(iodata,iopheno,ioparam,io30,i031,data_file)

implicit

no;

Initialises the I/0 files

ne

integer*4 iodata,iopheno,ioparam,io30,i031,i030a,io031a
character data_file*80,pheno_file*80,param_filex80,
+ £i030%80,fi031%80

common /io/ io30a,io31la

io30a = i030
io3la = io31
pheno_file =

param_file
£i030
fio31

data_file(1:3)//’_phenotype.out’
data_file(1:3)//’ _parameter.out’
data_file(1:3)//’ _fit_gen.out’

data_file(1:3)//’_par_gen.out’

IN Input data file

open(unit=iodata,file=data_file,status=’o0ld’)

OUT Final phenotype

open(unit=iopheno,file=pheno_file,status=’unknown’)

OUT Final parameters

open(unit=ioparam,file=param_file,status=’unknown’)

Evolution in action

OUT Store global fitness of each generation

open(io30,file=fio30,status=’unknown’)

OUT Store parameters of each generation

open(io31,file=fio31,status=’unknown’)

return
end

c

subroutine set_control_parameters

c Use: Set the control parameters. Utilises the flexibility of

c
c

PIKAIA

2.1. INVERSE PROBLEMS

(erep 03 1 s9fenbs-15e97) AJeIN0Y PeRA0RY

,
Lambda,  Smoothing Parameter

Figure 2.3: A typical plot of recovered accuracy (|g—K f|s) against the smoothing parameter,
. Clearly, the increase of the smoothing parameter does not improve the least-squares fit to
the data. The point where the two balance is the point on the curve (C) nearest to the origin

?ms |C — 0]) is extrapolated to yield the ideal choice of A.

which can also be re-written in matrix formulation as

F= Taq Nv 'K% (2.32)

1 .
provided that Qﬂﬁ Nv exists. The fact that we must smooth f arises because, in the

process of inverting the matrix K7 K, small eigenvalues (singular values) can cause small
variations in the data set to be magnified dramatically in the recovered solution, leading to
the highly unstable and unphysical solutions.

Regularisation requires that the a priori information used to complete the definition of
the inverse problem is a smoothness condition on the source function. So from the statement
of equation (2.29) above, we obtain a smooth solution by bounding an appropriate linear

functional, say Hf, subject to the classical constraint that || K — g|| is minimised. So we are

reduced to solving, again using the 2 — norm implicitly

Kt —g|? + |#f]| = min (2.33)

where X is the regularisation (or smoothing) parameter (cf. the Lagrange multiplier of above).
The inverse problem literature details the various forms of Hf: Tichonov (1963), whose

name is synonymous with the method of regularisation, suggested a zeroth order approach
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A.1. THE GAUSSIAN FITTING GENETIC ALGORITHM (GA-GA) CODE

return
end

c Use:

subroutine get_phenotype(nc,n_param,profile,n_data)

Takes genotype and computes the phenotype profile

implicit  nome
integer  n_param,n_data,i,j,nc

real amp,wid,pos,profile(n_data)
include  ’comp.inc’

real genotype

external  genotype

do i=1,n_data
profile(i) = 0.
end do

do i=1,nc
pos = comp(i,1)
amp = comp(i,2)
wid = comp(i,3)
do j=1,n_data

profile(j)=profile(j)+genotype(pos,amp,wid,j)

end do

end do

return
end

c Use:

real function genotype(pos,amp,wid,j)

Computes Gaussian phenotype value at chamnel i
for specific genotype

implicit none
integer j
real pos,amp,wid

genotype = amp*(exp(-wid*((float(j)-pos)**2.)))

return
end

c Use:

o 00000

subroutine rescale(nc,np,x,nl)

Rescales each parameter in the gemotype for the
position, amplitude, & width and store

implicit none
integer nc,np,nd,nl,i

real x(n1)

real sigma_min, data_max, ctel
include  ’comp.inc’

common /props/ sigma_min, data_max, nd
ctel = 1.0/(sigma_min*sigma_min)

comp(*,np) nd=N_data
np
1 pos 1 - N_data pos = 1 + x*(N_data-1)
2 amp : 0.0 - max(data) amp = x*max(data)
3 wid : 1/sm**2 - 1./N_data**2
[wid = 1/sigma**2] sm = \sigma_min \sim 0.5

do i=1,nc

2.1. INVERSE PROBLEMS

the linearity of the integral

[ Maw) @)+ fo(a)) dr = gl) + 0 = g(0) (2.23)

The properties of the kernel function, k(z,y), as mentioned earlier determine the condi-
tioning of the problem once it is discretised to a matrix form like equation (2.10). A poorly
conditioned kernel matrix has strong linear dependence in its rows and, in the worst case

scenario, its determinant will tend towards 0 as the number of dependent rows increases,

hence K will be singular

.e. without an inverse). Equation (2.10) of Section 2.1.1.1 tells
us that, provided the matrix K~! exists, we formally have the exact solution f = K~!g to
the Fredholm equation (of the first kind). However in many physical applications the matrix
is very nearly singular and the inverse problem is considered to be poorly conditioned. The
conditioning of a kernel operator (or matrix) is, as mentioned earlier, critical in monitoring
error propagation from the observed data (g) through to the recovered solution (f).

In assessing the conditioning of the discretised inverse problem we anticipate a (vector)
noise level (4g) in our data measurements. We will observe error magnification in the solution
(6f) of the order
K 6f = ig . (2.24)

From this, implicitly using the 2-norm, we see that
logllz < K12 [|0F]|2 (2.25)

and we have reach a situation where we have, using the solution to equation (2.10), if the

matrix K ! exists (ie. f = K~! g)
£l < 1K~ Iz llgle - (2.26)

Combining equations (2.25) and (2.26) we can see, on inspection, how errors in the data

propagate through to the recovered solution

of _ 0
L A (227)
71 sl

Thus, we define the condition number of the kernel matrix, Ck, (1 < Cx < oo) which can be

expressed as Cx = ||K ||y ||[K~!||2 = Z=az. The second equality arises since the singular values

Tmin

of K ! are just the reciprocal singular values of K, and shows that the spread of the singular
values of K can disclose many hidden numerical problems, again see Chapter 5. Since the

condition number controls the stability of the solution, consider the case when ||dg| = 2%
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A.2. THE RATIO INVERSION TECHNIQUE (RIT) CODE

write(*,%*) ’Number of line ratios ,nrat
write(*,%*) ’ Smoothing parameter ,lam
write(*,*) °’ Scaling parameter :’,scale
if (smooth.eq.0)

+ write(*,%) ’> Smoothing Order: Zeroth’
if (smooth.eq.1)

+ write(*,*) ’ Smoothing Order: First’
if (smooth.eq.2)

+ write(*,*) ’ Smoothing Order: Second’
if (smooth.eq.3)

+ write(*,*) ’ Using MaxEnt Smoothing’
write(*,3)

3 format (/1x,60(’*?),/)

end

subroutine finit(iodata,kdata,rdata,ldata)

c
c Use: Read in all the initial data
c
implicit none
integer*4  iodata,kdata,rdata,ldata
integer ndata_max,nrat_max,d_max
parameter (ndata_max=100, nrat_max=100, d_max=50)
integer  i,j,rl(nrat_max),ndata,smooth,nrat
double precision r(nrat_max),k(d_max,nrat_max),sigth(nrat_max)
double precision scale,sigd(nrat_max),lam

common/data/ r,k,rl,sigth,sigd
common/misc/ lam,scale,ndata,smooth,nrat

¢ ---- Read line ratios (R_{obs}) and observational errors
read(iodata,*) (r(i),sigd(i),i=1,nrat)
close(iodata)

¢ ---- Read Kernels
do 10 i=1,(2*nrat)
read(kdata,*) (k(j,i),j=1,ndata)
10 continue

close(kdata)
¢ ---- Read theoretical uncertainties
read(rdata,*) (sigth(i),i=1,nrat)
close(rdata)
¢ ---- Read in the ratio pairings (format --> top bottom)
read(ldata,*) (rl(i),i=1,2*nrat)
close(ldata)

do 11 i=1,2+nrat
r1(i)=r1(i)+1
11 continue

return
end

subroutine output(iopheno,rcdata,n,x)

Use: Output the final solution and their line
ratios (R_{calc})

o ao o

implicit none

integer*4  iopheno,rcdata

integerd  ndata_max,nrat_max,d_max

parameter (ndata_max=100, nrat_max=100, d_max=50)

integer ndata,i,j,bid,tid,n,nrat,smooth

integer  rl(arat_max)

double precision y(ndata_max),top(ndata_max),bot(ndata_max)
double precision k(d_max,nrat_max),rc(nrat_max),r(nrat_max)
double precision lam,scale,sigd(nrat_max),sigth(nrat_max)

2.1. INVERSE PROBLEMS

variable appears in the limits of the integral. The difference between the formulation of the
two arises because we retain the constant a but have made b some function of z (b = b(z))

in equations (2.5) and (2.6), so we have
b(z)
[ ke = o) - (216)
a

In fact, Volterra equations (of the first kind) may be treated similarly to equation (2.5) with
k(z,y) = 0 for y > z, this ‘truncation’ gives them a quite distinct nature. The associated
kernel matrix of the discretised form is lower-triangular? and the linear system has a recursive
nature easily amenable to the Gaussian Elimination or back-substitution methods discussed
in Sneddon (1972). The solution to many inverse problems in the physical sciences reduce to

the solution of such equations, e.g. see the following example.

2.1.1.4 An example of a Volterra equation : Non-thermal bremsstrahlung spec-

tra

As mentioned above, if we wish to infer the average® source electron energy spectrum, F(E),
of a beam or flare it can only be done from the properties of the radiation such as the observed
bremsstrahlung spatially integrated photon spectrum, J(e), of the source. As described in

?? (and Craig & Brown 1986) we have the form
0 _
J(e) = $<\ Qp(e, B)F(E) dE (2.17)
€

where 71, = & Jy np(r)dV and F(E) = W Jyy F(E,r)n,(r)dV, V is the source volume and
n, is the proton density and Qg(e, E) is the electron-ion (non-relativistic) Bethe-Heitler
bremsstrahlung cross-section (see Brown 1971, 1978).

Equation (2.17) is of Volterra type as can be more clearly observed by changing variable

from E toy=1/FE and z = 1/e

9(z) = \DH ¥ (2.18)

where f(y) = y~2F(1/y) and g(z) = «~/2G(J(1/z)). This problem, which is moderately
ill-posed, has been widely researched (see, e.g., ??) and gives rise to electron energy spectra
which are unstable to noise in g(z), and in more general cases non-unique (depending on the

physical characteristics of the model atmosphere used, i.e. full or partial ionisation).

2 All kernels of Volterra equations can be expressed as Heaviside functions in K.

3Average in the sense that F(E,r) it is a function of three spatial coordinates.
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Appendix B

Some SELECTOR detalils

In Chapter 5 we discussed the application of the SELECTOR genetic algorithm to the optimi-
sation of the condition number of the Differential Emission Measure (DEM) inverse problems
(and hence improve the numerical stability of the inferred solution to data noise). We per-
formed this by allowing SELECTOR to search for an optimal set of emission lines in the
SOHO CDS/SUMER. wavelength range (150-1610 A). In the following sections we discuss
the condition number estimator (primarily to increase the speed of the algorithm) of Cline

et al. (1979) and provide the Fortran-77 code of the algorithm.
B.1 Condition number estimation

In Section 5.1, while introducing the mechanics of the SELECTOR GA, we drew the reader’s
attention to the fact that we are able to calculate the condition number Cg of an m xn matrix
K using either a full Singular Value Decomposition (SVD; see Section 2.1.3.2) or by using an
estimate for C discussed by Cline et al. (1979). The former is known to be computationally
expensive O(n3) (n being the major dimension of matrix K) whereas the latter is only
O(n?). The benefits of implementing the condition number estimate in SELECTOR are clear
when considering the number of calculations required in a single evolutionary run of 5,000
generations, say. With 100 individuals in the population and n(= m) = 30 we have, for one
run,

5000 x 100 x 30% = 4.5 x 10°

calculations, excluding genetic operations.
Recalling the discussion of Section 2.1.2, we see that for the linear system g = KT where

the data (&8 = g + 0g) and solution (f = f + 6f), with their respective errors (dg and 0f),

2.1. INVERSE PROBLEMS

Any relationship derived from a mathematical model of a physical process can be written,

without loss of generality, as the relationship between y and x
Gy =K(x , (2.1)

where G and K represent some known functions of the observables and non-observables,
respectively. The term ‘function’ is used in its broader mathematical sense : K and G
are mappings from the (vector or function) spaces containing the aforementioned quantities.
Equality in equation (2.1) forces G (y) and K (x) to have the same number of degrees of
freedom and to form a system of equations, whilst its classification as an inverse problem
depends entirely on the properties of K and holds when K is a non-trivial function of the
non-observable x (i.e. the system of equations is coupled as previously noted).

Although equation (2.1) is general in nature it can be used to categorise inverse problems.

Consider the following specific examples :

1. Suppose y and x are vectors, of dimension m and n, respectively (m data values and n
unknown parameters to find). Then G (y), and therefore K (x), is a vector, of length ¢,

say. Equation (2.1) becomes, in terms of vector components,
Gily) = Ki(x), for i =1,....q. (22)

If G and K are both linear functions, then equation (2.1) may be written, using matrix
notation as, Gy = Kx, where G and K are ¢ x m and ¢ x n matrices, respectively. Indeed
for ¢ = m and G = I,, (where I,;, is the identity matrix of dimension m) equation (2.1)

becomes a pure matrix-type inverse problem of the form, y = Mx.

2. Now we suppose that y is a vector as before, but x is a function (x = z(t)) of some real
variable ¢ (u < ¢t < v). For simplicity we assume that K a linear function of x so that,
if G (y) is a function of s (again a real variable with @ < s < b), equation (2.1) becomes
(noting that when x represents the values of a function of a continuous variable, ¢ in this

case, K involves an integral over that variable)
v
G(y;s) = \ k(s;t)z(t)dt, for a < s <b. (2.3)
u

This is the general form of a Fredholm integral equation (see Craig & Brown 1986) and is

also discussed at greater length in Section 2.1.1.1.

A more appropriate treatment of G as the data of the problem is to consider the replace-

ment of G(y), in equation (2.1), with the symbol g, so that we study problems that take the
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B.2. THE SELECTOR CODE

Call report(NMAX,n,npar,fitns,oldph,ig,ngen,
+ kdim,ifit,out,wst,worst)
End of Main loop (Generation)
10 continue

close(4)

end

subroutine setup(n,npar,maxlines,ngen,nchoice,pcross,
+ pmut,fdif,kdim,ielite,calc,seed, irep)

Performs reading of initialization data
For use with Selector

c

Common block details for fitness evaluation
common/data/ kern(100,200)

real kern

Variables
integer nchoice,maxlines,n,npar,maxlines
integer kdim,ngen, i,ielite,calc,j,seed
real pmut,pcross, fdif

Read in data, line list and probably config data

open(3,file='select.init’)

rewind(3)

read(3,*) n,npar,maxlines,ngen,nchoice,kdim,pcross,
+ pmut,fdif,ielite,calc,seed,irep

close(3)

print header and info

write(*,2) ngen,npar,n,maxlines,nchoice,kdim,pcross,
+ pmut,fdif,calc,ielite,seed
2 format(/1x,60(’x?),/,

1.3. THE STRUCTURE OF THIS THESIS IN BRIEF

+ » %7,13x,’SELECTOR Genetic Algorithm Report’,12x,’*’,/,
+ 1x,60(°%2),//,

+ 4 Number of Generations evolving: ’,i4,/,
+ » Individuals per generation: ’,i4,/,
+ ) Number of Chromosome segments: ’,i4,/,
* , Number of Lines to chose from: ’,i4,/,
+ » Number of choices: ’,i4,/,
+ » Dimension on Matrix: ’,i4,/,
+ ) Crossover probability: ’,£9.4,/,
+ i Initial mutation rate: ’,f9.4,/,
+ ’ Relative fitness differential: ’,£9.4,/,
+ ; Full SVD(1) or Estimate(0): ’,i4,/,
+ ’ Elitism - yes(1) no(0): ’,i4,/,
+ ’ Seed: ’,i8)

if (irep.eq.1) write(*,4)

if (irep.eq.2) write(*,4)

if (irep.eq.3) write(*,4)
4 format (

’Full generational replacement’
’Steady-state-replace-random’
’Steady-state-replace-worst’

+ , Reproduction Plan: ’,A)

open(2,file="file.dat’)
rewind(2)

read(2,*) ((kern(i,j),j=1,kdim),i=1,maxlines)

close(2)

write(*,1005)

write(*,1006)
10056 format(/1x,60(’*’),/)
1006 format(1x,’Gen

return
end

,3x,’Best’,10x, ’Median’)

subroutine report(ndim,n,np,fit,pop,ngen,mg,kdim,ifit)

selection can yield results that are numerically stable and offer a greater degree of uniqueness

than those obtained using a standard approach.
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B.2. THE SELECTOR CODE

c Com

c Com

4

wmax=space (m)
endif
if ((space(m).1lt.wmax).and. (space(m).gt.0.d0))then
wmin=space (m)
endif
continue
cond=(wmin/wmax)
else
pute LU decomposition
info=0.d0
Call ludcmp(work,n,kdim,index,info)
pute estimate of condition number for workspace matrix
inf02=0.d0
Call strco(work,n,kdim,cond,space,info2)
endif

fitns(i)=cond
continue

end

subroutine rnkpop(n,arrin,indx,rank)

¢ ar

Uses RQSort to sort population fitness levels in
ray rank (ascending order). For use with Selector

-

implicit none
integer n,indx(n),rank(n),i
real arrin(n)

external rqsort

Compute the key index
Call rgsort(n,arrin,indx)
...and the rank order

do 1 i=1,n
rank(indx(i)) = (n-i)+1
continue
return
end

subroutine genrep(ndim,n,np,ip,ph,newph)

Full generation Replacement subroutine
For use with Selector

-

implicit none
integer ndim,n,np,ip,i1,i2,k
integer ph(ndim,2),newph(ndim,np)

i1 = 2%ip - 1
i2 = i1 + 1
do 1 k=1,n
newph(k,i1) = ph(k,1)
newph(k,i2) = ph(k,2)
continue

return
end

subroutine decoder(m,n,s,lnlist)

Converts an ordinal vector (integer) into a line list (integer)
using ROR;

1.3. THE STRUCTURE OF THIS THESIS IN BRIEF

Table 1.2: Brief details of the spectroscopic instruments on SOHO for remotely sensing the
solar atmosphere. Note that NIS and GIS are the Normal Incidence and Grazing Incidence

Spectrometers that constitute CDS.

Acronym /Investigation Wavelength Range (A)
SUMER 1st Order 390-805 A
Solar UV Measurement of Emitted Radiation  2nd Order 780-1610 A
CDS NIS 308-381, 513-633 A
Coronal Diagnostic Spectrometer GIS 151-221, 256-338, 393-493, 656-785 A
EIT 4 filters 171 A (Fe X/IX), 195 A (Fe XIT),
Extreme UV Imaging Telescope 284 A (Fe XV), 304 A (He II)
UvCs 3 channels 1145-1287 A (Ly-a), ~1032 A (O VI),
UV Coronagraph Spectrometer 4500-6000 A (White Light Channel; WLC)

Figure 1.3: Schematic of the SOHO satellite and its payload of scientific instruments. Some
details of the spectroscopic instruments can be found in Table 1.2 (taken from Fleck et al.

1995).
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B.2. THE SELECTOR CODE

do 10 i=1,n
if (urand().lt.pmut) then
gn(i)=int(urand()*max) + 1
end if
10 continue

return
end

Function f£f(n,x,job)

c

The fitness evaluation function

c

c

common/data/ kern(100,200)

real kern, cond, ff, info, info2, work(30,30), space(30)
integer n, i, j, kdim, m, index(30), x(n), job, indx(n)
external rqsort

kdim=n

Compute working space matrix

do 5 m=1,n

do 6 j=1,kdim
work(m, j)=kern(x(m),j)
6 continue
5 continue

Is it full SVD or estimator ?
if (calc.eq.1) then
Call svdcmp(work,n,kdim,n,kdim,space,v)
Call indexx(n,n,indx)
cond=(space (indx(n))/space(indx(0)))
else
Compute LU decomposition
info = 0.d0
Call ludcmp(work,n,kdim,index,info)
Compute estimate of condition number for workspace matrix
info2 = 0.d0
Call strco(work,n,kdim,cond,space,info2)
endif

ff=cond
return
end

subroutine ludemp(a,n,np,indx,d)

c

Performs LU decomposition of Matrix A (See Press el al.1992)

11

12

integer n, np, indx(n), nmax
integer i, imax, j, k

real d,a(np,np) , tiny

real aamax,dum, sum, vv(nmax)
parameter (nmax=500,tiny=1.0e-20)

d=1.
do 12 i=1,n
aamax=0.
do 11 j=1,n
if (abs(a(i,j)).gt.aamax) aamax=abs(a(i,j))
continue
if (aamax.eq.0.) pause ’singular matrix in ludcmp’
vv(i)=1./aamax
continue
do 19 j=1,n
do 14 i=1,j-1
sum=a(i,j)
do 13 k=1,i-1

1.2. REMOTE SENSING OF THE SUN (1945 — PRESENT)

opaque to that range of wavelengths. The only e-m radiation from the Sun that reaches
Earth’s surface is in the visible, a few “windows” in the near infrared, extremely high
energy gamma rays and a wide range of radio wavelengths. Figure 1.2 shows the height

of unit optical depth of the Earth’s atmosphere as a function of wavelength.

2. Reduction of scattering and distortion. At visible wavelengths the corona is very faint
compared to the extremely bright solar disc. Again, our atmosphere scatters light (cf.
the blue appearance of the daytime sky is caused by the Rayleigh scattering of solar
white light) and puts fundamental limits on distinguishing faint objects near bright ones.
The distortion of light passing through the turbulent regions of our atmosphere (e.g. the
troposphere) is another prime concern, but can be accommodated for by implementing

complex adaptive optics schemes (see, e.g., Lloyd-Hart et al. 1998).

3. Continuous observations. For many long duration events such as monitoring oscillations
of the photosphere and stochastic events like flares continuous observation is required just
because of their particular physical nature. We can obtain continuous observations of the

Sun in two ways :

* placing a satellite in a Sun-synchronous orbit (a low Earth orbit running from pole to
pole but in a slowly precessing plane which remains perpendicular to the Earth-Sun
line).

* placing a satellite into orbit at the Earth-Sun Lagrange point (along the Earth-Sun
line at the point where the opposing gravitational attractions of the Sun and Earth

cancel).

However, long before we had the advanced technology of today and were able to place an
array of Sun observing satellites in orbit there were many successful attempts at remotely
sensing the solar atmosphere. During World War IT (WWII) solar physics was essentially a
classified subject and the research was for military application. However, soon after the close
of hostilities, UV observations of the Sun were made using a spectrograph flown on a slightly
modified versions of Werner Von Braun’s infamous V-2 rockets. The capture of several V-2
rockets, the repatriation of various engineers and technicians, and the resulting technological
advances of the late 1940’s allowed the Sun to be studied regularly in the UV and X-Ray

wavelength bands. These observations were made using ‘sounding rockets’® which are still

S¢Sounding’ comes from a nautical term for taking a measurement by dropping a line into the sea.
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THE SELECTOR CODE

20 m = mod(n,6)
if(m .eq. 0 ) go to 40
do 30 i = 1,m
sasum = sasum + abs(sx(i))
30 continue
if( n .1t. 6 ) return
40 mpt = m + 1
do 50 i = mp1,n,6
sasum = sasum + abs(sx(i)) + abs(sx(i + 1)) + abs(sx(i + 2))
1+ abs(sx(i + 3)) + abs(sx(i + 4)) + abs(sx(i + 5))
50 continue
return
end

subroutine saxpy(n,sa,sx,incx,sy,incy)

coooonaonooo0ono

n number of elements in input vector(s)

sa single precision scalar multiplier

sx single precision vector with n elements
incx storage spacing between elements of sx

sy single precision vector with n elements
incy storage spacing between elements of sy

references lawson c.l., hanson r.j., kincaid d.r., krogh f.t.,
*basic linear algebra subprograms for fortran usage,
algorithm no. 539, transactions on mathematical
software, volume 5, number 3, september 1979, 308-323

o 0ao

real sx(1),sy(1),sa

cxx*first executable statement saxpy

if(n.le.0.or.sa.eq.0.e0) return
if(incx.eq.incy) if(incx-1) 5,20,60
5 continue

code for nonequal or nonpositive increments.

ix =1
iy =1
if (incx.1t.0)ix = (-n+1)*incx + 1
if(incy.1t.0)iy = (-n+1)*incy + 1
do 10 i = 1,n
sy(iy) = sy(iy) + saxsx(ix)
ix = ix + incx
iy = iy + incy
10 continue
return

code for both increments equal to 1
clean-up loop so remaining vector length is a multiple of 4.

20 m = mod(n,4)
if( m .eq. 0 ) go to 40
do 30 i=1,m
sy(i) = sy(i) + sa*sx(i)
30 continue
if( n .1t. 4 ) return
40 mpt = m + 1
do 50 i = mpi,n,4
sy(i) = sy(i) + saxsx(i)
sy(i + 1) = sy(i + 1) + sa*xsx(i + 1)
sy(i + 2) = sy(i + 2) + saxsx(i + 2)
sy(i + 3) = sy(i + 3) + saxsx(i + 3)
50 continue
return

code for equal, positive, nonunit increments.

60 continue
ns = n*incx

1.1. THE OUTER SOLAR ATMOSPHERE

observe the Sun from the inhospitable reaches of space invariably using unmanned drones.
Here we introduce the basic facts about the atmosphere of the Sun, and discuss the need for
it to be observed from outwith our protective atmosphere. We briefly discuss some of the
landmarks of space-borne solar observing from the use of World War II rocket technology
through to the major mission of today, the joint ESA/NASA mission called the SOlar and
Heliospheric Observatory or just SOHO?. Section 1.3 gives a short overview of the scope and

the motivation behind the material that will appear in the following chapters.

1.1 The outer solar atmosphere

The Sun is the sentinel of our region of the Galaxy and it provides us with the energy we
need to survive and maintain the state of equilibrium we call life. We are being constantly
bombarded by radiation (and particles) emitted by the Sun and the key to understanding
the processes happening on the Sun is in ‘catching’ some of this radiation. To understand
the physical mechanisms behind the structure of the Sun’s atmosphere is to understand the
Sun itself. The radiation emitted (or absorbed) by it tells us of its temperature/density
structure, chemical composition, velocity and many other important physical quantities. We
will discuss the probing of the Sun’s atmosphere® in due course but we must first give its
physical description.

The goal of this thesis is not in the discussion of particular solar features, i.e. those
prominent in all images of the Sun, but of the diagnostic methods employed by the solar
physics community to study them. We will consider the atmosphere of the Sun as, to make the
discussion simple, a plane-parallel model generated by data from Vernazza et al. (1981) and
use it to introduce some solar terminology, see figure 1.1 (noting that we are using a universal
reference point as the zero in solar altitude, the point where the vertical optical depth, 7, of
the atmosphere at a wavelength of 5000 A is unity). At low heights (i.e. below 600 kilometers),
T.(z) shows a monotonic decrease as z increases. This region is called the photosphere and is
where the bulk of the optical (and therefore the bulk of all) radiation is emitted. Higher still
in the atmosphere (between 600 and 2,000 kilometers) the temperature gradient changes sign
to produce a region with near constant temperature (4,500 < 7, < 10,000 K) this region,

called the chromosphere, which sees a decrease with height in the electron (and gas) density

2Another commonly used acronym is SoHO, but we will use SOHO hereafter.
3We use here a working definition for atmosphere, it is “those regions where radiation can escape freely

into the surrounding medium”.
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B.2. THE SELECTOR CODE

2 z=u(k)
i£(1.eq.k)then
if(z.1t.0.0)then
w(k)=-z
do 44 j=1,n
v(j,k)=-v(j,k)
44 continue
endif
goto 3
endif
Eits.0q.30) pause 'mo convergence in svdcap’ Acknowled gements
x=w(1)
nm=k-1
y=w(nm)
g=rvi(am)
h=rv1 (k)
£=((y-2)*(y+z)+(g-h) *(g+h) ) / (2.0%h*y) . . . .
g=pythag(f,1.0) The task of composing this thesis can only be compared to a relatively short scramble up the
£=((x-z) % (x+z)+h* ((y/ (f+sign(g,£)))-h))/x i .
c=1.0 north face of the Eiger. There have been many sherpas and water-carriers along the way to
1 g g
s=1.
do 47 j=1,mm
i=j+1
g=rvi(i)
y=w(i)
h=s*g
munams . * My parents and immediate family without whose nurture and support, both financial and
z=pythag(f,
1(j)= . . . .
phi \w z emotional, this research would certainly not have been carried out so smoothly. I owe you
s=h/z
£= (xxc)+(g*s) all too much !
g=-(x*s)+(g*c)
h=y*s . . . .
y=y*c * To my supervisor Prof. John C. Brown for coming up with so many good ideas, sup-
do 45 jj=t,n
au<Muuh_W plementing my knowledge with his seemingly boundless insight and for placing me in an
z=v(jj,i
v(jj,j)= (xxc)+(z*s)
v(jj,i)=-(x*s)+(z*c)

help me “bag” the summit. I'd like to take this time to thank them all. So, at the risk of

sounding like an actor (too late Darren) receiving an Oscare, here we go :

atmosphere conducive to work. My “back-up” (take that whatever way you will) super-

* mew“w_ﬂmﬁ.i visor Dr. Declan A. Diver for helping with some of the more tricky aspects of plasma
MMWWMWMVN.SSS physics and for being there to listen to (and not laugh too loud at) some of my more

“HH bizarre ideas. My very special thanks must go to my “surrogate supervisor” Dr. Philip

o oo G. Judge of the High Altitude Observatory (HAO; Boulder CO) without whose ability,
H-MMHMWMM“_E enthusiasm, moral (and financial) support the vast majority of the results contained in

M“wﬁﬂwv this document could not have evolved. Not forgetting the contribution made by Dr. Paul

a(jj,j)= (yxc)+(z*s)

a(ji, == (yxs)+(zxe) Charbonneau (also HAO) who went to great lengths to explain to me some of the nastier

46 continue
47 continue
rvi(1)=0.0 numerical, statistical and evolutionary aspects of Genetic Algorithms.
rvi(k)=f
w(k)=x
48 continue * A friendly pat on the back for the two guys who have shared offices with me and subse-
3 continue
49 nsﬁ;:zm quently had to put up with my incessant question asking and bad jokes. So thank you
return
end

. . . . .
¢ (c) copr. 1986-92 nunerical recipes software David Keston for teaching me about internet protocols (and e*e™ plasmas) and Martin

“Yoda” Hendry for putting up with all of my anti-cosmology jibes and trying — “Try not.

function pythag(a,b) Do. Or do not. There is no try” — to get to grips with inverse problems at the same time.

- Also thanks to Susan Morrison and Paul McCallum for being my virtual office, coffee and
c For use with SVDCMP (See Press et al. 1992) :

soul mates.
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In Chapter 4 we discuss the ill-posed inference of plasma diagnostic distributions from
emission line intensities and ratios. These distributions are widely known as the Differential
Emission Measure functions, or DEMs for short. In Section 4.1 we demonstrate that there is
a formal relationship between the ‘spectroscopic mean values’ of n., T, obtained using line
ratios and their respective DEM functions ¢(T,) and ((n.) with an extension to pu(ne, T,) (the
general bivarate DEM function) where mean values of n, and T, are simultaneously defined.
Following this, in Section 4.2, we develop an entirely novel GA based technique (the Ratio
Inversion Technique; RIT), by which we are able to ascertain these diagnostic distributions
to a higher degree of uniqueness than methods used previously. In particular, the RIT proves
to be quite insensitive to the theoretical uncertainties in the atomic emission models used;
which posed a major difficulty in the intensity inversions of previous authors.

In Chapter 5 we present another GA based method (SELECTOR) to overcome the serious
numerical instability of inferred DEM functions when noise is present in the observed emis-
sion line intensities. We show that the impact of this data noise on the poorly conditioned
DEM inversions is dramatically reduced by isolating a subset of emission lines (in the wave-
length range of the CDS and SUMER instruments of the ESA/NASA SOlar and Heliospheric
Observatory - SOHO - satellite) that improve the conditioning of the DEM inverse problems.

Chapter 6 draws together the points raised and conclusions reached in the preceding
chapters and briefly discusses possible improvements, extensions and future applications of
the methods introduced.

This study is considered to be both valuable and timely given the increased usage of inverse
diagnostics from the high quality data acquired by instruments onboard the aforementioned

SOHO satellite.



